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Origami with programmable mechanical responses
has emerged as an important topic in mechanics
and materials research. Its geometric design space
offers substantial tunability in stiffness, stability
and deformation modes. However, the design
of origami structures, especially non-rigid ones,
remains a formidable challenge. Inspired by
the self-organization of thin sheets into stable,
low-energy origami configurations in nature, this
paper proposes a unified optimization framework
for rigid and non-rigid origami patterns via
concurrent topology and geometry optimization.
The framework uses the nonlinear bar-and-hinge
model, which represents panel bending and crease
folding within a unified hinge constitutive model.
Consequently, topology optimization is achieved
by switching between bending and folding hinges.
Meanwhile, geometry optimization is achieved
by adjusting the locations of origami vertices.
Sensitivity analysis is carried out to enable the
use of efficient gradient-based algorithms. Several
numerical examples are provided, including the
reproduction of origami bases, the Miura-ori and the
Kresling tube, representing both rigid and non-rigid
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origami patterns. These examples demonstrate the effectiveness and versatility of the proposed
method, highlighting its potential for mechanically efficient and innovative origami design.

1. Introduction
Origami, the ancient art of folding thin sheets along prescribed creases, has evolved into a
rigorous framework for modern engineering design [1–3] (figure 1). Its folding-induced geometric
design space offers exceptional tunability in stiffness, stability and deformation modes, enabling
a wide range of mechanical functions [4–7]. As a result, origami-inspired structures have been
increasingly explored across mechanics, physics and engineering, with demonstrated capabilities
such as negative Poisson’s ratio [8–10], multi-stability [11–13], high stiffness-to-weight ratios
[14–16] and enhanced energy absorption [17–19]. These behaviours arise from the coupling
among crease geometry, material response and boundary conditions, highlighting the need for
design methodologies that are both geometrically expressive and mechanically informed.

A central challenge in origami design is to generate crease patterns that realize a desired three-
dimensional configuration while simultaneously achieving favourable mechanical performance.
Early computational tools, such as TreeMaker [1,20] and Origamizer [21,22], as well as classical
tessellations, such as the Miura-ori [23–25], Resch [26–28] and Kresling [12,29,30] patterns,
have enabled systematic geometric construction of foldable shapes. However, most of these
methods are rooted in the rigid origami assumption, i.e. panels are treated as undeformable
and deformation is confined to creases [31–33]. As a consequence, they are primarily suited for
designing rigid origami and may lose accuracy when panel compliance, bending and material
effects play an essential role.

In parallel with rapidly expanding applications in aerospace [34–37], metamaterials [3,38–41],
medical devices [42–45] and robotics [46–48], the emphasis of origami design has gradually
shifted from purely geometric feasibility towards mechanics-aware, performance-driven design.
To this end, several mechanical models for non-rigid origami have been developed [49–
54]. Among them, the nonlinear bar-and-hinge model [51] is attractive for computational
design because it provides a unified description of panel bending and crease folding
with relatively low computational cost [55]. Building upon such models, optimization-based
approaches have shown promise in designing origami metamaterials [56–61] and compliant
mechanisms [37,62–64]. Nevertheless, a unified framework that couples crease-pattern generation
and mechanical deformation analysis for both rigid and non-rigid origami remains highly
desirable.

Natural thin-sheet systems suggest a mechanics-driven design principle: creases emerge
through self-organization under spatial constraints, and the resulting patterns are closely
associated with energy minimization [65–70]. For example, Miura-like patterns can develop in
compressed leaves [71–73], and Kresling-type patterns can arise in twisted cylindrical structures
[12,74–77]. Related thin-sheet instabilities, such as wrinkling in multilayer soft substrate systems
and functional properties engineered via buckling, have also attracted increasing attention [78,79].
In these systems, folds tend to appear in regions of large bending curvature, and their formation
reduces the structural strain energy under the imposed constraints [65,67,71]. Similar mechanics-
driven folding and buckling phenomena have been discussed in insect wings [80,81] and in
cerebral cortical folding [82–84], as well as in mechanically induced protein unfolding [85–87].
This observation motivates a mechanics-driven design principle: crease patterns can be treated as
designable ‘soft’ regions whose evolution is governed by strain-energy minimization.

In contrast to prior work, the present framework offers three main features. First, unlike
geometric tools limited to rigid origami, it treats crease generation as strain-energy-driven
mechanical evolution, enabling unified design of rigid and non-rigid origami. Second, instead
of relying on a fixed topology or predetermined crease layout, it introduces a continuous crease
indicator that allows the topology to emerge freely from an unstructured mesh. Third, it uniquely
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Figure 1. (a) Engineering applications of origami structures. (b) Close-up view of the earwig wing. (c) Leaf of the hornbeam.
(d) Spontaneously formed quasi-Miura origami pattern of a buckled thin film on a soft substrate. (e) Quasi-axially expanded
radial origami configuration of the buckled twisted fabric. (f ) Schematic illustration of the principle of minimum potential
energy.

couples topology and geometry optimization, simultaneously identifying crease locations and
refining nodal positions within a unified energy-minimization framework.

Motivated by this principle, this paper proposes a unified optimization design framework
for both rigid and non-rigid origami patterns based on concurrent topology and geometry
optimization. The framework employs the nonlinear bar-and-hinge model for simulation, in
which panel bending and crease folding are represented within a unified hinge constitutive
model. Accordingly, topology optimization is performed by switching hinges between bending-
and folding-dominated behaviour via continuous design variables, while geometry optimization
is performed by adjusting the locations of origami vertices. Sensitivity analyses are derived to
enable efficient gradient-based optimization. Several numerical examples are provided, including
the reproduction of basic origami bases, the Miura-ori and the Kresling tube.

The remainder of this paper is organized as follows. Section 2 presents the problem
formulation and preliminaries. Section 3 presents the formulation and sensitivity analysis, §4
summarizes the optimization algorithms, §5 provides numerical examples, and §6 concludes the
paper.

2. Problem formulation and preliminaries
This section introduces the mechanical and optimization preliminaries required by the proposed
framework. It briefly reviews the nonlinear bar-and-hinge model used to simulate coupled panel
bending and crease folding, and then defines the continuous crease indicator together with the
associated interpolation functions that characterize the design space.

(a) Bar-and-hinge model for mechanical analysis
The bar-and-hinge model [51,88] provides distinct advantages for the analysis of thin-walled
origami structures, particularly in terms of computational efficiency and a straightforward
methodology for crease definition. As illustrated in figure 2, this discretized model utilizes
bar elements to capture in-plane tensile and compressive behaviour, while torsional springs
represent out-of-plane bending and folding deformations of the panels. Within this kinematic
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Figure 2. (a) Schematic of the bar-and-hinge discretization. (b) Physical properties at the upper and lower limits of the crease
indicator. (c) Interpolation function relating the design variable t to the equivalent crease length. (d) Interpolation function
relating t to the torsional stiffness of the hinge.

framework, Liu and Paulino formulated a displacement-based, fully nonlinear quasi-static
governing equation for the mechanical analysis of origami structures, which has been shown
to effectively capture both buckling and post-buckling responses [57].

In non-rigid origami, deformation localizes primarily at the creases, where the bending
stiffness is significantly lower than that of the panels. Accordingly, folding behaviour is modelled
using folding hinges along the creases, while panel bending is represented by bending hinges, as
shown in figure 2a. Typically, the torsional stiffness of a folding hinge (kF

H) is significantly lower
than that of a bending hinge (kB

H), as illustrated in figure 2b. By employing the same constitutive
relationship for both types of hinges but with different stiffness values, a seamless transition
between the two states is achieved, which is essential for the subsequent topology optimization.

(b) Crease indicator and interpolation functions for physical properties
Inspired by continuum topology optimization, we introduce a continuous design variable t ∈ [0, 1]
to indicate the state of a hinge element. As shown in figure 2b, a value of t = 1 corresponds to a
folding hinge, which essentially acts as a crease, whereas t = 0 represents a bending hinge that
models a panel. Intermediate values 0< t< 1 describe a transitional state between these two
extremes. The mapping between the physical properties and the design variable t is illustrated
in figure 2c,d. The equivalent crease length LC and the torsional stiffness kH of a hinge element
are defined through the following interpolation functions:

LCj(tj) = fL(tj)L
0
Hj and fL(tj) = tj (2.1)

and

kHj(tj) = fk(tj)k
B
H, fk(tj) = 1 − βt3

j and β = 1 − kF
H

kB
H

, (2.2)

where L0
Hj is the initial length of hinge j, and kHj(tj) is its torsional stiffness as a function of the

topology variable tj. The subscript j will be used throughout to indicate quantities pertaining to
hinge j. kB

H and kF
H denote the torsional stiffnesses of the bending and folding hinges, respectively,

with kB
H � kF

H; fL(t) and fk(t) are the interpolation functions for crease length and torsional stiffness;
and β is a constant coefficient that depends on the relative stiffness of the two hinge types. This
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Figure 3. Concept of crease evolution illustrated through a centre-folding problem. (a) Geometric parameters and boundary
conditions. (b) Initial bar-and-hinge discretization. (c) Final bar-and-hinge model with evolved crease pattern. (d) Sequential
evolution of the crease topology and nodal positions.

interpolation scheme smoothly connects the two extreme states and enables a continuous design
space for optimization.

The bar-and-hinge discretization and the crease-indicator interpolation establish a continuous,
mechanics-consistent design space. Section 3 presents the unified optimization formulation and
the associated solution procedure.

3. Optimization formulation and sensitivity analysis
This section presents the unified formulation for the concurrent topology and geometry
optimization of origami structures and derives the corresponding sensitivity expressions under
displacement-controlled loading. The explicit approximations for the topology and geometry
subproblems are also introduced to facilitate the subsequent update of the design variables.

(a) Unified optimization formulation
(i) Optimization problem statement

We formulate a unified optimization problem to capture the coupled evolution of crease topology
and vertex geometry under displacement-controlled loading. We illustrate the formulation
using a straight-fold example (figure 3a). The structure is modelled by the nonlinear bar-
and-hinge representation with both bending and folding springs (figure 3b,c). Topology and
geometry optimization are then combined to minimize the equilibrium strain energy and
to emulate progressive crease emergence (figure 3d). Starting from an initial random mesh
(figure 3b), the iterative updates yield an evolved crease pattern and its associated deformation
mode (figure 3c).

The objective of this unified optimization is to minimize the structural strain energy U
when the structure is in equilibrium under prescribed spatial constraints ud. This requires the
simultaneous evolution of two types of design variables: the topological design variables t
that indicate the existence and strength of creases, and the nodal coordinates x that define the
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geometry. The optimization problem for the (ω + 1)th evolution step is formulated as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

mint,x U(t, x),

s.t.
∑N2

j=1 L0
Hjtj ≤ C

(ω+1)
dy ·∑N2

j=1 L0
Hj,

∂Π

∂u
= 0,

Du = ud,

tmin ≤ tj ≤ 1, j = 1, . . . , N2,

x(ω+1)
m ≤ xm ≤ x(ω+1)

m , m = 1, . . . , M.

(3.1)

The objective is to minimize the total strain energy U(t, x) of the structure. The first constraint
limits the total equivalent crease length to a prescribed fraction of the total hinge length, where
Cdy is an adaptive crease_length ratio that increases monotonically with the evolution step ω to

allow progressive crease emergence. We adopt a linear schedule for C
(ω)
dy gradually increasing

it from a small initial value to a prescribed maximum over the major iterations to ensure a
smooth emergence of crease patterns. The second constraint enforces mechanical equilibrium,
where Π is the total potential energy of the structure and u is the nodal displacement vector.
The third constraint prescribes the displacements on certain degrees of freedom, with D being a
Boolean selection matrix that extracts the prescribed displacements ud. The fourth constraint for
all hinges j = 1, . . . , N2 imposes simple bounds on the topology variables, where tmin is a small
positive lower bound introduced to avoid numerical singularity. Finally, the fifth constraint for
all optimized coordinate components m = 1, . . . , M defines move limits on the nodal coordinates,
where xm and xm are the lower and upper bounds for the nodal coordinates, and M is the number
of nodal coordinate components to be optimized.

The structural strain energy in the bar-and-hinge model is given by

U =
N1∑
i=1

UBi +
N2∑
j=1

UHj, (3.2)

where UBi and UHj denote the strain energies of bar element i and hinge element j, respectively,
and N1 and N2 are the total numbers of bar and hinge elements.

The decision to terminate the crease evolution may depend on various user-defined criteria. A
common stopping criterion based on the relative reduction in strain energy is∣∣∣∣∣U(ω+1)∗ − U(ω)∗

U(ω)∗

∣∣∣∣∣≤ φ, (3.3)

where U(ω)∗ is the optimal strain energy at step ω, and φ is a prescribed threshold.

(ii) Sensitivity analysis under displacement-controlled loading

To efficiently solve the coupled topology and geometry optimization problem, gradient
information is required to guide the update of design variables. We derive the sensitivity of the
structural strain energy with respect to an arbitrary design parameter α. Here, α represents a
generic design variable that can be either a topology variable tj or a nodal coordinate xm.

When the structure is in equilibrium, the principle of minimum potential energy holds:

δΠ

δu
= δ(U − V)

δu
= δU
δu

− δV
δu

= T(u,α) − F(u,α) = 0, (3.4)

where V is the work done by external forces, and T and F denote the nodal internal and external
force vectors, respectively.

Under displacement control, the displacement and force vectors can be partitioned into free (f )
and prescribed (d) degrees of freedom. The external forces at the free degrees of freedom vanish
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(Ff = 0), and the prescribed displacements ud are independent of the design variable α, which
leads directly to the orthogonality condition

FT du
dα

= 0. (3.5)

Combining equations (3.4) and (3.5), the total derivative of the strain energy with respect to α
is derived as

dU(u,α)
dα

= ∂U(u,α)
∂α

+ ∂U(u,α)
∂u

du
dα

= ∂U(u,α)
∂α

+ FT du
dα

(3.6)

= ∂U(u,α)
∂α

. (3.7)

Equation (3.7) indicates that, under displacement-controlled loading, the total derivative of
the strain energy with respect to a design parameter reduces to its partial derivative with
the displacement field held fixed. This simplification avoids the computationally expensive
calculation of the displacement derivatives. It is important to note that this conclusion holds only
for displacement-controlled loading. In the case of force-controlled loading, the orthogonality
condition would not hold and the displacement derivative term would need to be included. All
optimization problems studied in this work are displacement-controlled, hence the simplified
expression (equation (3.7)) is applicable throughout.

Since the total strain energy is the sum of contributions from bars and hinges (equation (3.2)),
the sensitivity can be expressed as

dU
dα

=
N1∑
i=1

∂UBi

∂α
+

N2∑
j=1

∂UHj

∂α
. (3.8)

Equation (3.8) provides the foundation for computing specific sensitivities with respect to the
topology variables tj and nodal coordinates xm. In the subsequent subsections, explicit expressions
for ∂UBi/∂tj, ∂UHj/∂tj, ∂UBi/∂xm and ∂UHj/∂xm will be derived, enabling the efficient update of
design variables in the optimization algorithm.

(b) Origami topology optimization
(i) Topology optimization formulation

In the topology optimization stage, the background grid is kept fixed and the crease pattern is
determined by optimizing the hinge indicators t. The corresponding optimization problem is⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

mint U(t) =∑N1
i=1 UBi +∑N2

j=1 UHj(t);

s.t.
∑N2

j=1 L0
Hjtj ≤ Cdy ·∑N2

j=1 L0
Hj;

∂Π

∂u
= 0;

tmin ≤ tj ≤ 1 (j = 1, . . . , N2).

(3.9)

Here, the objective is to minimize the total strain energy U(t) with respect to the topology design
variables t = [t1, . . . , tN2 ]T. The first constraint limits the total equivalent crease length, where Cdy
is the dynamic crease-length ratio. The second constraint enforces mechanical equilibrium. The
variables tj are bounded between a small positive lower bound tmin and 1.

The problem is solved iteratively. At each iteration, the design variables are updated based
on the mechanical response, the sensitivity information and an explicit approximation of the
objective, as described below.
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(ii) Sensitivity analysis with respect to topology variables

From the strain-energy expression (equation (3.2)) and the interpolation functions (equations (2.1)
and (2.2)), the topology variables tj affect the objective only through the hinge torsional stiffness
and, consequently, the hinge strain energy UHj. The strain energies of bar element i and hinge
element j are

UBi = WiLBiA (3.10)

and

UHj = 1
2

kHjL
0
Hj(θ

′
j − θj)

2, (3.11)

where Wi is the strain-energy density of bar i; A is the cross-sectional area of a bar element; LBi
and L0

Hj are the initial lengths of bar i and hinge j, respectively; kHj is the torsional stiffness of
hinge j; and θj and θ ′

j are the dihedral angles before and after deformation.
The sensitivity of the hinge strain energy with respect to tj follows from the chain rule. From

equation (3.11),
∂UHj

∂tj
= 1

2

∂kHj

∂tj
L0

Hj(θ
′
j − θj)

2 + kHjL
0
Hj(θ

′
j − θj)

∂(θ ′
j − θj)

∂tj
.

Under displacement-controlled loading, the displacement field is held fixed when taking partial
derivatives. Hence, θ ′

j − θj is independent of tj, the second term vanishes and we obtain

∂UHj

∂tj
= 1

2

∂kHj

∂tj
L0

Hj(θ
′
j − θj)

2 = UHj

kHj
· ∂kHj

∂tj
.

Using the stiffness interpolation (equation (2.2)), the sensitivity becomes

∂UHj

∂tj
=

−3βt2
j

1 − βt3
j

UHj(tj). (3.12)

These sensitivity expressions are then used to construct an explicit approximation of the
objective function and to update the design variables.

(iii) Explicit approximation and linearized subproblem

To obtain an efficient update scheme, we construct an explicit approximation of the objective
function. Since UBi does not depend explicitly on tj and under displacement-controlled loading
dU/dtj = ∂U/∂tj (equation (3.7)), it suffices to linearize only the hinge energy contribution. Using
a first-order Taylor expansion about the current design t(v), where v denotes the iteration number
within the topology optimization, the total strain energy is approximated as

U(t) ≈ U(v) +
N2∑
j=1

∂UHj

∂tj

∣∣∣∣∣
t=t(v)

(tj − t(v)
j ), (3.13)

with U(v) =∑
i U(v)

Bi +∑
j U(v)

Hj .
Substituting equation (3.12) into equation (3.13) yields the explicit approximation:

U(t) ≈ U(v) +
N2∑
j=1

a(v)
j (tj − t(v)

j ) with a(v)
j =

−3β(t(v)
j )2

1 − β(t(v)
j )3

U(v)
Hj . (3.14)

Since the constant term U(v) −∑
j a(v)

j t(v)
j does not affect the optimum, minimizing U(t) is

equivalent to minimizing the linearized objective

Ũ(t) =
N2∑
j=1

a(v)
j tj. (3.15)
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Because β > 0, the coefficients a(v)
j are negative. Hence, minimizing Ũ(t) is equivalent to

maximizing the weighted sum
∑N2

j=1 |a(v)
j |tj. Under the crease-length constraint, this implies that

larger tj values are preferentially assigned to hinges with larger absolute sensitivity |a(v)
j |, i.e.

hinges that most effectively reduce the objective.
Similarly, the crease-length constraint in equation (3.9) can be rewritten using the length

interpolation (equation (2.1)) as
N2∑
j=1

L0
Hjtj ≤ Cdy ·

N2∑
j=1

L0
Hj. (3.16)

Consequently, at each iteration v, the above linearization yields the following linearized
subproblem: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

mint Ũ(t) =∑N2
j=1 a(v)

j tj,

s.t.
∑N2

j=1 L0
Hj tj ≤ Cdy ·∑N2

j=1 L0
Hj,

tmin ≤ tj ≤ 1 (j = 1, . . . , N2).

(3.17)

In this work, this linearized subproblem is handled using an optimality criteria (OC) update
with a Lagrange multiplier to enforce the crease-length constraint and the bound constraints,
which is summarized in §4a.

(c) Origami geometry optimization
(i) Geometry optimization formulation

To refine crease geometry and mitigate mesh dependency, we formulate a geometry optimization
problem in which the nodal coordinates are treated as design variables. Let the total number of
nodes be N. We collect all nodal coordinates in the vector x = [x1, y1, z1, x2, y2, z2, . . . , xN , yN , zN]T.
The total number of design variables is denoted by M; in the special case where all nodal
coordinates are optimized, M = 3N. The goal is to minimize the structural strain energy under
prescribed displacement constraints. The geometry optimization problem at a given evolution
step is ⎧⎨⎩minx U(x),

s.t. xm ≤ xm ≤ xm, m = 1, . . . , M,
(3.18)

where x = [x1, . . . , xM]T denotes the vector of nodal coordinates to be optimized. Thus, each xm is
a scalar representing one coordinate component of a specific node. The bounds xm and xm define
a trust region around the current design to ensure smooth geometric evolution. These bounds are
updated at each evolution step ω as

xm = x(ω)∗
m −
s and xm = x(ω)∗

m +
s, (3.19)

where x(ω)∗
m is the optimal coordinate from the previous evolution step. The move limit 
s is

chosen as

s = η · min(L), (3.20)

with η ∈ (0, 1] being a scaling factor and min(L) the minimum initial bar length in the structure.
The actual step size used in each geometry iteration is obtained by dividing 
s by the number of
inner iterations NS, i.e., move =
s/NS, as described in Section 4(b). This choice keeps geometry
updates within a physically reasonable range.

(ii) Sensitivity analysis with respect to nodal coordinates

To solve the geometry optimization problem (equation (3.18)) efficiently, the sensitivity of the
structural strain energy with respect to each design variable must be evaluated. Recall that each
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design variable xm corresponds to a specific coordinate component of a node. To facilitate the
derivation, we introduce explicit notation for nodal coordinates and displacements. For a generic
node p, we denote its position vector by Xp = [Xp, Yp, Zp]T and its displacement vector by up =
[ux

p, uy
p, uz

p]T. When the design variable of interest is the x-coordinate of node p, we have xm = Xp

for the corresponding index m; sensitivities with respect to Yp or Zp follow analogously. In the
following, we present the derivation for Xp to illustrate the procedure.

We first note that the analysis is performed under displacement-controlled loading. From
§3a(ii) (equation (3.7)), we have dU/dXp = ∂U/∂Xp; that is, the contribution from the derivative
of the displacement field vanishes. Hence, when computing ∂U/∂Xp, the displacement field can
be held fixed, and all displacement components ux

p, uy
p, uz

p are treated as constants.
The initial length of a bar element i connecting nodes p and q is

LBi =
√

(Xp − Xq)2 + (Yp − Yq)2 + (Zp − Zq)2, (3.21)

and its element displacement vector is u(e)
i = [ux

p, uy
p, uz

p, ux
q , uy

q , uz
q]T.

The strain energy of bar i is UBi = WiLBiA, where Wi is the strain-energy density and A is the
cross-sectional area. Applying the chain rule yields

∂UBi

∂Xp
= Wi

∂LBi

∂Xp
A + ∂Wi

∂Ei

dEi

dXp
LBiA, (3.22)

with ∂Wi/∂Ei = Si being the axial stress in the bar.
For the bar elements in this study, we adopt a hyperelastic material model. The strain-energy

density function takes the following form:

Wi = C
α1 − α2

[
(1 + 2Ei)α1/2 − 1

α1
− (1 + 2Ei)α2/2 − 1

α2

]
, (3.23)

where C is the tangential elastic modulus, and α1, α2 are material constants. The Green-Lagrange
strain for a bar element is expressed as

Ei = BLiu
(e)
i + 1

2
(u(e)

i )TBNLiu
(e)
i , (3.24)

with u(e)
i = [ux

p, uy
p, uz

p, ux
q , uy

q , uz
q]T being the element displacement vector. The linear and nonlinear

strain-displacement matrices are defined as

BLi = [Xp − Xq, Yp − Yq, Zp − Zq, Xq − Xp, Yq − Yp, Zq − Zp]

(LBi)2 (3.25)

and

BNLi = 1
(LBi)2

[
I3×3 −I3×3

−I3×3 I3×3

]
, (3.26)

where I3×3 is the 3 × 3 identity matrix.
Now consider the sensitivity with respect to the x-coordinate of node p, denoted by Xp. The

derivative of the strain can be decomposed into two parts: one through the change in bar length
LBi, and one through the explicit dependence of the strain-displacement matrices on Xp:

dEi

dXp
= ∂Ei

∂LBi

∂LBi

∂Xp
+ ∂Ei

∂Xp
, (3.27)

where the first term captures the dependence through LBi, and the second term captures the
explicit dependence with LBi held constant.
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From the definitions of BLi and BNLi, which are proportional to 1/L2
Bi, we have

∂BLi

∂LBi
= − 2

LBi
BLi and

∂BNLi

∂LBi
= − 2

LBi
BNLi. (3.28)

Applying the chain rule to Ei = BLiu
(e)
i + 1

2 (u(e)
i )TBNLiu

(e)
i and using the above relations yields

∂Ei

∂LBi
= − 2

LBi

(
BLiu

(e)
i + 1

2
(u(e)

i )TBNLiu
(e)
i

)
= − 2

LBi
Ei. (3.29)

For the explicit derivative with a constant bar length, we consider LBi fixed and differentiate
BLi and BNLi directly with respect to Xp. From equation (3.25):

∂BLi

∂Xp
= 1

L2
Bi

[1, 0, 0, −1, 0, 0],

and from equation (3.26), ∂BNLi/∂Xp = 0 since BNLi has no explicit dependence on individual
coordinates.

∂Ei

∂Xp
= ∂BLi

∂Xp
u(e)

i = 1

L2
Bi

(ux
p − ux

q). (3.30)

The derivative of the bar length with respect to Xp follows from equation (3.21):

∂LBi

∂Xp
= Xp − Xq

LBi
. (3.31)

Substituting equations (3.29), (3.31) and (3.30) into equation (3.27) yields the complete strain
derivative:

dEi

dXp
= −2Ei

LBi
· Xp − Xq

LBi
+

ux
p − ux

q

L2
Bi

. (3.32)

The stress Si = ∂Wi/∂Ei for the hyperelastic model in equation (3.23) is obtained by
differentiation:

Si = ∂Wi

∂Ei
= C
α1 − α2

[(1 + 2Ei)
α1/2−1 − (1 + 2Ei)

α2/2−1]. (3.33)

For the final bar sensitivity, substituting equations (3.31), (3.32) and (3.33) into equation (3.22)
yields the sensitivity of the bar strain energy with respect to Xp. For a bar connecting nodes p and
q, we denote this sensitivity by Hip, i.e.

Hip := ∂UBi

∂Xp

= Wi
Xp − Xq

LBi
A + SiLBiA

(
−2Ei

LBi
· Xp − Xq

LBi
+

ux
p − ux

q

L2
Bi

)

= Xp − Xq

L2
Bi

UBi + SiA

(
−2Ei

Xp − Xq

LBi
+

ux
p − ux

q

LBi

)
, (3.34)

where Hip represents the contribution of bar i to the sensitivity with respect to the x-coordinate of
node p.

For the sensitivity contribution from a hinge element j, its strain energy is given by UHj =
1
2 kHjLHj(θ ′

j − θj)2, which depends on the hinge length LHj and the undeformed and deformed
dihedral angles θj and θ ′

j . In the geometry optimization stage, LHj is defined as the distance
between the two nodes that form the hinge line in the current reference configuration; hence
LHj varies with the nodal coordinates. This is distinct from the fixed initial hinge length L0

Hj used
in topology optimization. As illustrated in figure 4, a hinge j typically involves four nodes: a and
d on the hinge line, and b and c off the line that define the adjacent facets. We denote their position
vectors by Xa, Xb, Xc, Xd, with X· = [X·, Y·, Z·]T, and displacement vectors by u· = [ux· , uy

· , uz· ]T. To
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Figure 4. (a) Schematic of a single bar element before and after deformation. (b) Three-dimensional vector diagram of hinge
j and side view of the vectors.

obtain the sensitivity with respect to a specific nodal coordinate, say the x-coordinate Xa of node
a, we apply the chain rule:

∂UHj

∂Xa
= kHj

2

∂LHj

∂Xa
(θ ′

j − θj)
2 + kHjLHj(θ

′
j − θj)

(
∂θ ′

j

∂Xa
− ∂θj

∂Xa

)
, (3.35)

where θj and θ ′
j are the dihedral angles before and after deformation. Under displacement-

controlled loading, the deformed x-coordinate of node a is X′
a = Xa + ux

a , and since the
displacement ux

a is prescribed and held fixed when taking partial derivatives, we have ∂X′
a/∂Xa =

1; consequently ∂θ ′
j /∂Xa = ∂θ ′

j /∂X′
a.

The derivative ∂LHj/∂Xa is computed analogously to the bar element case. For a hinge whose
line connects nodes a and d (figure 4), if we consider the x-coordinate of node a, denoted by Xa,
then

∂LHj

∂Xa
= Xa − Xd

LHj
. (3.36)

The derivative of the dihedral angle, ∂θj/∂Xa, depends on the specific nodal arrangement
within the hinge and has been established in the literature [51]. For a hinge defined by four nodes
a, b, c, d (figure 4), with coordinate vectors Xa, Xb, Xc, Xd, we define the vectors:

rba = Xa − Xb, rbc = Xc − Xb and rda = Xa − Xd (3.37)

and

n = rba × rda and p = rba × rbc. (3.38)

The dihedral angle θj (see figure 4) satisfies

cos θj = (rba × rda) · (rba × rbc)
||rba × rda|| ||rba × rbc||

.

Differentiating this expression with respect to the nodal coordinates using vector calculus
identities yields the following derivatives [51]:

∂θj

∂Xd
= ||rba||

||n||2 n,
∂θj

∂Xc
= −||rba||

||p||2 p, (3.39)

∂θj

∂Xa
=
(

rda · rba

||rba||2
− 1

)
∂θj

∂Xd
− rbc · rba

||rba||2
∂θj

∂Xc
(3.40)

and
∂θj

∂Xb
=
(

rbc · rba

||rba||2
− 1

)
∂θj

∂Xc
− rda · rba

||rba||2
∂θj

∂Xd
. (3.41)
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The derivative with respect to a specific coordinate component, say Xa, is obtained by
extracting the corresponding component from the gradient vector ∂θj/∂Xa:

∂θj

∂Xa
= eTx

∂θj

∂Xa
, (3.42)

where ex = [1, 0, 0]T denotes the unit basis vector in the x-direction. Analogous expressions hold
for derivatives with respect to Ya, Za, or for derivatives with respect to the coordinates of other
nodes.

For the deformed configuration, we denote the dihedral angle by θ ′
j and the nodal positions

by X′
a = Xa + ua, with ua = [ux

a , uy
a , uz

a]T being the prescribed displacement of node a. Under
displacement-controlled loading, the displacements are held fixed when taking partial derivatives
with respect to nodal coordinates, hence ∂X′

a/∂Xa = [1, 0, 0]T and consequently

∂θ ′
j

∂Xa
= eTx

∂θ ′
j

∂X′
a

. (3.43)

For brevity, we introduce the notation

eja := ∂θj

∂Xa
and e′

ja :=
∂θ ′

j

∂Xa
. (3.44)

Finally, substituting equation (3.36) and the angle derivatives into the chain rule
(equation (3.35)) yields the sensitivity of the hinge strain energy with respect to Xa. We denote
this sensitivity by Ija, i.e.

Ija := ∂UHj

∂Xa

= kHj

2
Xa − Xd

LHj
(θ ′

j − θj)
2 + kHjLHj(θ

′
j − θj)(e

′
ja − eja)

= kHj(θ
′
j − θj)

[
(Xa − Xd)(θ ′

j − θj)

2LHj
+ LHj(e

′
ja − eja)

]
, (3.45)

where Ija represents the contribution of hinge j to the sensitivity with respect to the x-coordinate
of node a.

Recall that the design vector x = [x1, . . . , xM]T collects all nodal coordinate components, where
each xm corresponds to a specific coordinate of a particular node. The sensitivities of the bar and
hinge strain energies with respect to this design variable, denoted by Him and Ijm, are precisely
the quantities derived in the preceding sections for the corresponding node and the coordinate
direction. For instance, when xm represents the x-coordinate Xp of node p, we have Him = Hip for
each bar i, where Hip is given by equation (3.34). Similarly, when xm represents the x-coordinate Xa

of node a, we have Ijm = Ija for each hinge j, with Ija defined in equation (3.45). For other coordinate
directions or other nodes, the corresponding expressions follow analogously. The total sensitivity
of the structural strain energy with respect to xm is then obtained by summing the contributions
from all elements:

FS
m := ∂U

∂xm
=

N1∑
i=1

Him +
N2∑
j=1

Ijm, (3.46)

where only the elements connected to the node associated with xm contribute non-zero values;
for elements not connected to that node, Him = 0 or Ijm = 0.

(iii) Gradient-based geometry update

To minimize the strain energy with respect to nodal coordinates, we adopt a gradient descent
strategy. At a given design point x(ψ), a full nonlinear mechanical analysis is performed to obtain
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the equilibrium displacements and the structural strain energy U(x(ψ)). The geometric sensitivities
FS

m = ∂U/∂xm are then evaluated at this configuration.
Using these sensitivities, the nodal coordinates are updated along the negative normalized

gradient direction with an adaptively scaled step size, while strictly enforcing the bound
constraints. The detailed update scheme, including the adaptive step-size strategy, is presented
in Section 4(b).

Unlike the topology optimization, which uses sensitivity information to construct an explicit
approximation, the geometry optimization performs sensitivity analysis at each iteration as
origami configuration updates. This ensures that the design evolution consistently follows the
instant gradient of the physical strain energy landscape.

4. Optimization algorithms
This section summarizes the update schemes used to solve the topology and geometry
subproblems introduced in the previous section. Specifically, we adopt the OC update for the
topology variables t and the gradient-based update with adaptive step sizing for the geometric
variables x.

(a) Topology optimization update scheme
To update the topology design variables, we employ the OC method [89–91]. At each topology
optimization iteration v, a nonlinear mechanical analysis is first performed at the current design
t(v) to evaluate the strain energy U(v) and the hinge energies U(v)

Hj . The sensitivities ∂UHj/∂tj

(equation (3.12)) are then computed and used to form the coefficients a(v)
j in the explicit

approximation (equation (3.14)).
With a(v)

j held fixed, the design variables are updated by an OC step with a Lagrange multiplier
to satisfy both the crease-length constraint in equation (3.16) and the bound constraints tmin ≤ tj ≤
1. The OC update equation is written as

t(v+1)
j = max(tL

j , min(tU
j , t(v)

j B(v)
j )), j = 1, . . . , N2,

and tL
j = max(tmin, t(v)

j − m), tU
j = min(1, t(v)

j + m),

⎫⎪⎬⎪⎭ (4.1)

where tL
j and tU

j are the truncation bounds determined by the move limit m. The factor B(v)
j =

−a(v)
j /b(v)

j is nonnegative because a(v)
j < 0 for β > 0. Taking b(v)

j = λ(v)L0
Hj, the Lagrange multiplier

λ(v) is solved by bisection to enforce equation (3.16). This OC update repeats until convergence.
The topology optimization loop terminates when the following convergence criterion is

satisfied:

|U(t(v+1)) − U(t(v))|
max(|U(t(v))|, |U(t(v+1))|, ε)

≤ ξTO, (4.2)

where ξTO is a prescribed tolerance, ε is a small positive number to avoid division by zero, and v
is the iteration counter.

(b) Geometry optimization update scheme
The nodal coordinates are optimized using a normalized gradient descent method with adaptive
step sizes. At each geometry-optimization iteration ψ , a full nonlinear mechanical analysis
is first performed at the current configuration x(ψ) to evaluate the strain energy U(x(ψ)) and
the sensitivity FS

m = ∂U/∂xm (equation (3.19)) The design variables are then updated along the
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Table 1. Material parameters for the bar-and-hinge model.

kBH kFH A C α1 α2

1 0.01 0.2 1 × 104 5 1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

negative normalized gradient direction:

x(ψ+1)
m = x(ψ)

m − α(ψ) FS
m

‖FS‖ , m = 1, . . . , M, (4.3)

where FS = [FS
1 , . . . , FS

M]T and the step size α(ψ) is adaptively reduced as the major iteration
proceeds:

α(ψ) = move
max

(
1, ω − ωfold

) , (4.4)

with move = η · min(LBi)/NS, where LBi is the initial length of bar i, NS is the maximum number
of shape iterations per major step, η is a scaling factor, ω is the current major iteration index,
and ωfold is the number of major iterations over which material properties evolve. This adaptive
scaling allows larger steps in early stages for rapid exploration and finer adjustments in later
stages when the design approaches a local minimum. After the update, the bound constraints
xm ≤ xm ≤ xm (equation (3.19)) are enforced by projection.

In contrast to the topology optimization, the geometry optimization does not rely on a fixed
sensitivity over multiple inner iterations; instead, a new sensitivity analysis is performed at
every iteration. This guarantees that the update direction always reflects the exact gradient of
the current energy landscape and avoids errors caused by outdated sensitivities.

The iteration terminates when the relative reduction in the actual strain energy U between
successive steps falls below a prescribed tolerance ξSO:

U(x(ψ)) − U(x(ψ+1))
U(x(ψ))

≤ ξSO, (4.5)

or when the maximum number of iterations NS is reached.

5. Numerical examples
This section presents a set of numerical examples to demonstrate the effectiveness and feasibility
of the proposed unified framework for non-rigid origami design. These examples demonstrate the
ability of the method to generate crease patterns and deformation modes under a range of spatial
constraints, boundary conditions and material parameters. The performance of the algorithm is
evaluated by tracking the reduction in structural strain energy and examining the corresponding
force–displacement responses. Each example highlights a different aspect of the optimization
process, thereby illustrating the versatility and robustness of the proposed approach for designing
origami structures with tailored properties.

All numerical examples adopt the same set of material parameters, listed in table 1. Here, kB
H

and kF
H denote the torsional stiffness of bending and folding hinges, respectively; A is the cross-

sectional area of a bar element; C represents the tangential elastic modulus of the bar; and α1 and
α2 are parameters defining the hyperelastic constitutive model in equation (3.23).

Note that all quantities in the analysis are dimensionless; nevertheless, they are scaled
consistently within a unified dimensional framework to ensure physical correctness.

The algorithmic parameters adopted for each example are summarized in table 2. These values
were selected based on preliminary convergence studies and are used consistently throughout all
numerical investigations. Brief remarks on the sensitivity of results to these choices are provided
within each example subsection.
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Figure 5. Mechanical responses and configurations for two straight-fold cases. (a) Boundary conditions and the initial/final
configurations of the first example. (b) Strain energy versus displacement for the simple straight fold. (c) Reaction force versus
displacement for the same case. (d) Optimized configuration with a fixed midpoint. (e) Strain energy versus displacement for
the midpoint-fixed case. (f ) Initial mesh discretization.

Table 2. Key algorithmic parameters for all numerical examples.

parameter folds W-bomb substrate Miura 1 Miura 2 Kresling

Nodes 15 25 25 9 25 96
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Kf/Kb 0.001/1 0.01/1 0.01/1 0.001→ 0.1/1 0.001→ 0.1/1 0.01/1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

E 104 104 104 102 → 104 102 → 104 104
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Initial t 0.02 0.05 0.02 0.5 0.5 10−3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

tmin 0.02 0.05 0.02 0.18 0.01 10−3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Opt. dofs y y x, y x, y, z x, y, z x, y, z
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Iterations 10 20 20 10 10 14
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

DispStep 100 200 200 100 100 100
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(a) Straight folds
The first example considers a benchmark problem with a known solution, namely a simple
straight fold. The boundary conditions are prescribed as follows (figure 5a): point A is constrained
in the y- and z-directions and subjected to a displacement ux = 1; point B is subject to the
same constraints and prescribed displacement ux = −1. The initial mesh discretization is shown
in figure 5f. We compare the mechanical response before and after optimization. The strain
energy and reaction force, plotted as functions of displacement in figure 5b,c, show that at
equilibrium the strain energy decreases from 4.65 to 0.12 and the final reaction force drops
from 4.91 to 0.10. This pronounced reduction in both quantities demonstrates the effectiveness
of the proposed method in transforming a high-energy folded state into a stable, low-energy
configuration.
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Figure 6. Waterbomb-base formation under three boundary conditions. (a) Edge-midpoint inward displacements with free
centre. (b) Edge-midpoint inward displacements with fixed centre. (c) Vertices constrained in the z-direction plus a central
upward displacement.

When the membrane centre is additionally fixed and a uniform vertical displacement is
applied along the top and bottom edges, the optimization drives the structure to evolve into a
distinct pattern of three parallel folds (figure 5d). This reduces the final equilibrium strain energy
from 21.92 to 0.24 (figure 5e). The final single-crease and three-crease patterns were found to be
insensitive to the initial topology variable for tmin ∈ [0.01, 0.05] and to the move limit within ±50%
of the reported value; only the number of inner iterations required for convergence was affected.

(b) Waterbomb base and its variants
Building on the baseline straight-fold case above, we next demonstrate how spatial constraints
can steer crease evolution towards distinct low-energy topologies. We investigate the formation
of waterbomb-base patterns on a square thin plate under three boundary conditions, as
illustrated schematically in figure 6. In case (a), inward prescribed displacements are applied
at the midpoints of the four edges, and each midpoint is constrained to move only along
its corresponding coordinate axis; the centre point remains free. In case (b), the same edge
displacements are applied, but the centre point is fully fixed. In case (c), the four vertices are
constrained in the z-direction, and an upward displacement is applied at the centre along the
positive z-direction.

Despite these differences, cases (a) and (c) evolve into the same symmetric waterbomb-base
crease pattern (figure 6, left and right columns). In contrast, case (b) yields a qualitatively different
and more intricate pattern—a variant of the waterbomb base—because fixing the centre point
breaks the rotational symmetry.

Two key observations can be drawn from these results. First, the convergence of two different
loading paths (cases (a) and (c)) to an identical low-energy crease pattern suggests that the
proposed framework can discover mechanically optimal topologies that are not tied to a specific

Downloaded from http://royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2026.0207/6154113/rspa.2026.0207.pdf
by China Institution user
on 29 July 2026

https://royalsocietypublishing.org/journal/rspa


18

https://royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A482:20260207

.................................................................

Figure 7. Influence of substrate stiffness on optimized patterns in a bilayer system. (a) Schematic of the bilayer structure
comprising a stiff skin bonded to a soft substrate,where the substrate is represented by an equivalent linear spring. (b) Evolution
of structural strain energy during optimization. (c) Evolution of total crease-length ratio during optimization.

load application. Second, the dramatic change induced by fixing the centre point (case (b))
highlights the decisive role of spatial constraints, as a single additional constraint can force the
optimization to converge to a different local minimum. All three boundary-condition variants
employed the identical set of algorithmic parameters, and the converged symmetric patterns
remained unchanged when the move limit and convergence tolerance were perturbed by ±50%
around their nominal values.

(c) Optimized patterns on a soft substrate
To further enrich the design space, we introduce an additional physical constraint by coupling
the thin-walled skin to a compliant substrate. Bilayer systems consisting of a relatively stiff
skin bonded to a soft substrate are common in nature, for example in plant seeds and human
skin. Under simple loading, the compliant substrate can trigger buckling of the planar skin
into complex three-dimensional shapes with rich topological features [78,92]. In our model, the
substrate is represented by an equivalent linear spring, as illustrated in figure 7a. The thin-walled
skin is discretized using the initial bar-and-hinge model (figure 5f), and the material parameters
are listed in table 1. The boundary conditions are the same as those in §5a.

This subsection investigates how the substrate stiffness, denoted by Kss, influences the
optimized patterns emerging from the bilayer system. As shown in figure 8, distinct crease
patterns emerge in the thin-walled skin during the optimization process, and the global
deformation progressively localizes along these creases. Specifically, the optimized structure
develops one, two and three straight creases when Kss = 0, 1 and 3, respectively. For other values,
such as Kss = 2, 4 and 5, both the final deformation and the crease layout become more intricate.

The substrate stiffness is a key factor governing the final optimized configuration of the thin-
walled skin under the prescribed displacements. As Kss increases, the deformation becomes more
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Figure 8. Comparison of optimized deformation geometries, crease patterns and experimental prototypes under varying
substrate stiffness Kss.

complex, and the total crease-length ratio generally increases. When Kss > 3, the initial and final
deformation patterns differ markedly.

This transition can be physically interpreted through the interplay between localized folding
and the restoring force of the substrate. When Kss = 0, the structure accommodates compression
via a single long-wave fold that minimizes panel bending. As Kss increases, the substrate
penalizes large out-of-plane displacements, making a deep fold energetically unfavourable and
driving the redistribution of deformation into multiple shallower folds—hence the increase from
one to three creases as Kss grows from 0 to 3. For Kss > 3, the plate develops a distributed, multi-
crease pattern analogous to short-wavelength wrinkling instabilities in thin films on compliant
substrates [78,92], where the wrinkle wavelength is governed by the competition between film
bending energy and substrate elastic energy. All values of Kss were tested with the same
optimization parameters (table 2), confirming that the crease-pattern transition is mechanically
driven rather than algorithmically induced.

(d) Miura-ori pattern
Next, we consider a non-planar benchmark to further demonstrate that the proposed method
can recover classical rigid-foldable patterns from an initially uniform mesh. The optimization
starts from a pre-deformed state obtained by applying a small out-of-plane displacement to a flat
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Figure 9. (a) Boundary conditions andmesh for a single Miura-ori unit. Points S1 and S2 are fixed in the x- and z-directions, S3
is fixed in the y- and z-directions and S4 is fixed only in the z-direction. (b) Boundary conditions andmesh for a 2 × 2Miura-ori
assembly. Points S1 and S2 are fixed in x and z; S3 is fully fixed; S4, S5, S7 and S8 are fixed in y and z; and S6 and S9 are fixed in y
and z.

sheet. The resulting configuration forms a single-unit Miura-ori pattern and exhibits nearly ideal
rigid-foldable behaviour. Figure 9a shows the boundary conditions and initial mesh for a single
Miura-ori unit. Points S1 and S2 are constrained in the x- and z-directions, S3 is constrained in the
y- and z-directions and S4 is constrained only in the z-direction.

Under displacement-controlled loading, the strain energy is dominated by the folding
component, while the tensile contribution remains low and the bending contribution is negligible
(figure 10a). This indicates that deformation localizes primarily along the creases and induces
minimal panel distortion.

A comparative analysis (figure 10b) shows a 97.0% reduction in the final strain energy, from
8.48 to 0.25, and an 86.5% decrease in the average strain energy over the full displacement
range.

Figure 10c shows the evolution of strain energy during the optimization. After an initial
increase, the strain energy decreases over the main iterations and eventually stabilizes, reflecting
the gradual emergence of a well-defined Miura-ori crease pattern from the initially uniform mesh.

The force–displacement curves in figure 10d indicate a 75.7% reduction in the maximum
reaction force and an 88.9% decrease in the average reaction force. These results show
that the optimized structure requires substantially less external work to achieve the same
deformation. These results demonstrate the ability of the proposed framework to generate low-
energy, mechanically efficient origami structures through combined topology and geometry
optimization. For this example, a neutral initial topology variable (t = 0.5) and a V-shaped
geometric imperfection were adopted to steer the optimization towards the expected rigid-
foldable Miura-ori pattern. When the geometric perturbation was removed, the algorithm still
converged to a low-energy folded configuration, albeit with a slightly different crease topology,
indicating that the initial geometric cue provides a mild but not indispensable bias.

Under symmetric compression about its median plane, a pre-folded W-shaped structure,
whose initial configuration is shown in figure 9b, evolves into a multi-cell Miura-ori pattern.
The optimized configuration exhibits substantial improvements in mechanical performance, with
notable reductions in both the total strain energy and the support reaction forces, as illustrated in
figure 11a,b.

The evolution of the relative contributions of each optimization strategy, as well as the
corresponding changes in efficiency throughout the iterative process, is shown in figure 11c,d.

The optimization follows a clear three-phase evolution. The first phase is dominated by
geometry optimization, which rapidly improves performance through geometric adjustments.
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Figure 10. Optimization analysis for a single Miura-ori unit. (a) Strain-energy distribution in the optimized structure.
(b) Comparison of strain energy before and after optimization. (c) Convergence history of strain energy. (d) Force–displacement
responses before and after optimization.

In the second phase, topology optimization plays an increasingly important role by reorganizing
the load paths. In the final phase, geometry optimization again takes the lead to refine the local
geometry within the fixed topological framework. The final contribution ratios confirm both the
dominant role of topology optimization and the complementary role of geometry optimization
in achieving the optimal design. The gradual activation of Young’s modulus (from 102 to 104)
and the folding stiffness over the first five major iterations was found to be essential: when this
continuation strategy was omitted, the optimization prematurely converged to a local minimum
with a final strain energy approximately three times higher. Among all algorithmic parameters,
the material continuation schedule proved to be the most influential for this example.

(e) Kresling tube origami
We consider a classical benchmark: a Kresling tube origami subjected to torsion. The geometry
and boundary conditions are shown in figure 12a. A prescribed twist of 0.2 rad is imposed at the
top edge, while the bottom edge is fully fixed. To exploit cylindrical symmetry, the sensitivity
analysis and nodal updates for geometry optimization are formulated directly in cylindrical
coordinates.

Figure 12c shows the strain energy as a function of displacement during loading, revealing
the characteristic multi-stability of the Kresling pattern. The structure transitions from an initial
stable state (state 1) to a second stable state (state 2) by crossing an energy barrier, confirming that
large deformations can access multiple equilibrium paths.

The evolution of the crease pattern and the corresponding reduction in strain energy are shown
in figure 12d. A spiral crease pattern emerges near the centre and gradually develops into a
complete Kresling spiral. The total strain energy drops sharply from 712.3 to 5.8.
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Figure 11. Optimization analysis for a 2 × 2Miura-ori assembly. (a) Comparison of strain energy before and after optimization.
(b) Reaction force versus displacement response. (c) Evolution of cumulative contributions from each optimization method.
(d) Efficiency evolution of individual strategies and crease emergence.

Figure 12e shows the relative contributions of geometry and topology optimization throughout
the iterative process. Geometry optimization dominates the initial iterations: nodal adjustments
relax geometric constraints and produce a rapid drop in strain energy. A clear low-energy
crease pattern subsequently emerges. The contribution of topology optimization then increases
as bending hinges are systematically converted into folding hinges in regions of high strain
energy, stabilizing and refining the characteristic Kresling spiral. The final contribution ratio,
measured in terms of strain-energy reduction, is approximately 65% from geometry optimization
and 35% from topology optimization. This complementary process allows an efficient crease
pattern to evolve from a uniform initial mesh without relying on a predefined template. The
characteristic spiral crease pattern emerged robustly for tmin ∈ [10−3, 10−2], and the final topology
was insensitive to further tightening of the convergence tolerance. The adoption of cylindrical-
coordinate sensitivity analysis and adaptive displacement loading was critical for preserving
mesh quality during the large torsional deformation; without these measures, element distortion
near the loaded edge occasionally terminated the optimization prematurely.

6. Conclusion
This paper proposes a unified computational design framework for the concurrent topology
and geometry optimization of origami structures under spatial constraints, based on strain-
energy minimization. The framework couples the nonlinear bar-and-hinge model with gradient-
based optimization to simulate load-driven crease evolution in thin-walled systems. By directly
minimizing structural strain energy under prescribed displacements, the proposed approach
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Figure 12. Optimization of a Kresling tube origami. (a) Geometry and boundary conditions. (b) Unfolded initial mesh and
optimized mesh. (c) Strain energy–displacement response showing bistability. (d) Evolution of the total strain energy during
optimization. (e) Cumulative contributions of geometry and topology optimization to the strain energy reduction.

generates low-energy folded configurations across multiple geometries and boundary conditions,
including straight folds, waterbomb-base patterns, Miura-ori patterns and a Kresling-type
cylindrical origami.

The proposed framework consistently achieves substantial reductions in structural strain
energy and reaction forces, transforming high-energy deformation modes into stable, low-energy
folded states. Across the numerical examples, the reduction in strain energy typically exceeds
90%. For example, the strain energy of a single Miura-ori unit decreases from 8.48 to 0.25,
corresponding to a 97.1% reduction.

Robust crease evolution relies on the concurrent use of topology and geometry optimization.
Topology optimization identifies favourable crease locations by switching hinges between
bending- and folding-dominated behaviour, whereas geometry optimization adjusts nodal
positions to improve geometric compatibility and mitigate mesh dependence. The combination
enables complex, mechanically efficient crease patterns to emerge without relying on predefined
templates.

The final crease morphology depends strongly on the imposed boundary conditions and
loading path. The waterbomb-base examples show that different constraints can lead to distinct
low-energy patterns, while different loading histories may converge to the same pattern if they
reach the same energy minimum. These results highlight both the adaptability of the framework
and the role of spatial constraints in shaping the energy landscape of foldable structures.

The optimization problem is non-convex, and the final pattern can be sensitive to several
inputs. Regular, sufficiently fine meshes provide a less biased starting point, and the examples
demonstrate that quasi-structured meshes consistently yield physically meaningful low-energy
patterns. Algorithmic parameters such as the move limit and convergence tolerances offer a
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robust balance across the studied cases; to reduce manual tuning, these limits can be adaptively
adjusted when oscillations are detected. The current framework adopts a displacement-controlled
loading scheme, which simplifies the sensitivity analysis; extension to force-controlled loading
via the adjoint method is conceptually straightforward. The method converges to a local
minimum determined by the initial geometry, material properties and loading sequence;
identical inputs yield reproducible designs, while different loading paths may lead to
distinct optima, reflecting the path-dependent physics of folding. Future extensions include
dynamic loading, multi-material systems and manufacturability constraints, further bridging
computational origami design with applications in metamaterials, soft robotics and deployable
structures.
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