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Origami-inspired structures are attracting
considerable attention in engineering owing to
their ability to facilitate intricate deformations and
deployable configurations. However, accurately
simulating their mechanical behaviour under realistic
conditions involving permanent deformations and
energy dissipation remains a significant challenge. In
this study, we present an elasto-plastic formulation
based on the nonlinear bar-and-hinge model for
non-rigid origami simulation. We integrate rate-
independent elasto-plastic constitutive models
for both the hinges and the bars, enabling tunable
representation of both elastic and plastic deformations
in origami structures. The formulation employs a
return mapping algorithm to ensure consistency with
yield conditions checked at each incremental time
step, enhancing numerical stability and accuracy.
As a result, the proposed model provides realistic
simulations by accurately reflecting the observed
mechanical responses in real-world practice compared
with purely elastic models. This formulation leads to
MERLIN-PLAS, a new extension of the original
MERLIN software, which minimizes the gap
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between idealized theoretical models and practical applications, providing a versatile and
reliable simulation tool for functional origami-based systems.

1. Introduction

Tracing its origin to ancient art, origami has attracted increasing interest in recent decades, owing
to its promising applications across scientific and engineering disciplines. The ability of origami
structures to undergo large, programmable deformations has enabled their use in diverse fields
such as metamaterials [1-3], aerospace systems [4-6], biomedical devices [7,8], Micro-Electro-
Mechanical Systems (MEMS) [9,10] and robotics [11-14]. Recent advances further demonstrate
the potential of origami and kirigami techniques in constructing complex three-dimensional
electronic architectures, reconfigurable electromagnetic devices and morphable micro-air vehicles
[15-18]. Although advanced fabrication techniques have been developed, mechanical testing
of origami systems still depends on manual folding and carefully controlled loading protocols
[19]. Within this framework, numerical modelling serves as an essential tool for predicting
structural behaviour, guiding experimental design and elucidating underlying mechanical
mechanisms.

Finite-element analysis (FEA) provides a direct method for simulating origami structures [20—
25]. While FEA captures detailed material responses and delivers high-fidelity results, it often
involves considerable computational expense and modelling effort, including extensive pre-
and post-processing [26-29]. For example, shell elements, which are commonly used to model
origami panels, tend to be computationally expensive and susceptible to numerical artefacts
such as locking and instability [30-32]. Moreover, the use of connector elements to represent
folding creases can introduce kinematic constraints that conflict with the rigid-body rotations
of adjacent panels, resulting in over-constrained systems or numerical singularities during large
rotations [33-35]. Consequently, simplified or reduced-order models have been developed to
provide faster and more robust simulations, which are especially valuable during iterative
design stages. Two representative approaches are the rigid origami simplification based on
pure geometry [36—40], and the bar-and-hinge model based on solid mechanics [20,41-46]. The
rigid origami simplification treats panels as rigid bodies connected by ideal frictionless hinges.
This approach is computationally highly efficient and excels at analysing kinematic deployment
paths, as demonstrated in generalized Miura-ori patterns [36,37]. However, its fundamental
assumption precludes any material deformation, making it unsuitable for predicting the real-
world responses of origami structures. By contrast, the bar-and-hinge model offers a mechanical
framework by idealizing the structure as a pin-jointed truss with rotational springs. This model
retains the fidelity needed to simulate both geometric and material nonlinearities. While existing
implementations of this framework, such as MERLIN [47,48], have demonstrated computational
efficiency and reliability in capturing hyperelastic responses [19,42,45,49-52], they fall short
in representing irreversible phenomena such as plastic deformations. This limitation becomes
particularly critical as research advances towards origami structures that exploit plasticity
for energy dissipation [53-58]. Furthermore, important experimental observations in origami
mechanics, such as hysteresis loops under cyclic loading [13,59-62], underscore the need for a
numerical tool that can capture these effects. Therefore, extending the bar-and-hinge framework
to include more general constitutive relations, notably elasto-plasticity, is crucial for reproducing
the realistic mechanical behaviour of origami structures.

This article introduces an elasto-plastic bar-and-hinge formulation for realistic structural
analysis of origami structures. Building upon the MERLIN framework [48], the proposed model
incorporates rate-independent elasto-plastic constitutive relations for both bars and hinges,
enabling tunable representation of both elastic and plastic deformations. The formulation
employs a return mapping algorithm to ensure consistency with yield conditions at each
incremental step, enhancing numerical stability and accuracy. As illustrated in figure 1, the

Downl oaded from http://royal soci etypublishing.org/rspa/article-pdf/doi/10.1098/rspa. 2025. 1119/ 6151863/ r spa. 2025. 1119. pdf

by Peking University user
on 15 July 2026

6LLLSZ07 28 ¥ 205 2014 edsi/jeuinof Biobuiysiigndiaposiefol//sdny !


https://royalsocietypublishing.org/journal/rspa

Table 1. Nomenclature.

Latin symbols
s T
A, ...................................................................................................... S
e o g o
Cb ....................................................................................................... aIgonthmmtangent T TRV
(,, ............................................................................................................ algonthm|ctangent T hmge o
L Youngs T S
i y|eldfunct|on ...................................................................
Fm .......................................................................................................... s
e p|aStIC o ( general) .............................................
H,, ....................................................................................................... pIastlc S e
H,, f ......................................................................................................... plast|c T foldmg hmge .....................................
H,, b ......................................................................................................... plast|c T ndmg hmge ...................................
e e
ko ............................................................................................................ e sperumtl eng L
k,r ........................................................................................................ e |ng hmge .................................................
k,, .......................................................................................................... o |ng hmge .............................................
Kr ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, o g T

(Continued.)

Downl oaded from http://royal soci etypublishing.org/rspa/article-pdf/doi/10.1098/rspa. 2025. 1119/ 6151863/ r spa. 2025. 1119. pdf
by Peking University user
on 15 July 2026

6LLLS707 28 205y 201 edsy/jewnol/BioBuiysijandiraposiefoy/:siny !


https://royalsocietypublishing.org/journal/rspa

Table 1. (Continued.)

Downl oaded from http://royal soci etypublishing.org/rspa/article-pdf/doi/10.1098/rspa. 2025. 1119/ 6151863/ r spa. 2025. 1119. pdf
by Peking University user
on 15 July 2026

6LLLSZ07 28 ¥ 205 2014 edsi/jeuinof Biobuiysiigndiaposiefol//sdny H


https://royalsocietypublishing.org/journal/rspa

bar

fold Rotational

spring

Figure 1. Bar-and-hinge model of an origami with elasto-plastic constitutive relation. For bar elements, the tangent stiffness
decreases after yielding. For hinge elements, the rotational stiffness decreases when the rotational angle is large enough.

proposed framework is displacement based and accommodates both geometric and material
nonlinearities, thereby establishing a comprehensive approach for both large-displacement and
large-deformation analyses. The constitutive models are built upon rate-independent elasto-
plasticity theories [63,64] with linear strain hardening. Through various numerical examples,
we demonstrate the model’s capability to capture essential elasto-plastic phenomena, including
strain hardening and hysteresis loops.

The subsequent sections of this article are arranged as follows. Section 2 elaborates on the
elasto-plastic constitutive models for different elements and the associated return mapping
algorithm. Section 3 describes the numerical implementation, with specific attention to the
displacement-loading mode. The force-loading mode is not repeated here, as it is thoroughly
addressed in prior literature [47]. Section 4 is devoted to numerical examples of various origami
structures. Finally, the concluding remarks are provided in §5 (table 1).

2. Elasto-plastic bar-and-hinge model

This section provides a comprehensive description of a rate-independent finite strain elasto-
plastic model with isotropic hardening, developed for both bar and hinge elements. The
formulation begins by decomposing the total strain into elastic and plastic components. The flow
rule and yield condition are then derived from the principle of maximum plastic dissipation. To
ensure numerical robustness and accuracy, the return mapping algorithm is introduced, which
enforces consistency with the yield condition at each time step. Specific constitutive relations
and their numerical implementation are subsequently detailed for both bars and hinges. The
integration of these theoretical and numerical components yields a complete framework capable
of simulating the elasto-plastic structural response under complex loading conditions.

(a) Constitutive relationship for bar elements

We adopt a finite-deformation kinematic description for bars. For a bar, the stretch A =L/Lg is
decomposed multiplicatively into elastic and plastic parts as

= edp. 2.1)
Taking the logarithmic strain € = In A converts this multiplicative decomposition into an additive

one:

e=¢€+e¢, withe=Ink, e=Ink, ¢, =Ink,. (2.2)

This allows us to employ a standard small-strain plasticity framework in the material law while
retaining exact finite-deformation kinematics. The algorithm is depicted in figure 2 [65,66].
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Figure 2. Mapping algorithm for bar elements: decomposition of stretch into elastic and plastic components at moment ¢,
followed by the addition of trial elastic stretching to the existing plastic deformation at moment t 4+ At.

We now adopt the small-strain additive decomposition within the logarithmic strain space.
The plastic strain is obtained by integrating the plastic strain rate:

t
€= J édt. (2.3)
0
The hardening parameter is defined as the accumulated absolute plastic strain:
t
asz apdt,  ap=|épl. (2.4)
0
According to the maximum plastic dissipation principle, the one-dimensional flow rule is
given by:
..
===, 2.5
=W a7 (2.5)

where 7 is the Kirchhoff stress, y, the plastic multiplier and f, the yield function. For small strains,
the yield condition takes the form:

fo(r)=lt| = (Yp0 + Hpop) <0, (2.6)

where Y} is the initial yield stress and H is the plastic modulus. We enforce the yield condition
at each increment using the return mapping algorithm [63].

In the absence of plastic flow, a trial state is assumed in which the deformation increment is
purely elastic. The stretch at step 1 + 1 is then expressed multiplicatively as follows:

)\n+1 = )\2&1)&;/ (2-7)

where 2], is the plastic stretch from the previous step. Correspondingly, the logarithmic strain
decomposition becomes:

ent1 =In(hn1) =IN(T) +In0h) = €8 + €. (2.8)

If plastic deformation occurs, the incremental plastic strain is obtained via the backward Euler
rule:

Aep~éh | At= Ay, sign(tys1), (2.9)
with Ay, =y 41 At. The hardening parameter is updated accordingly:

Upn1 = Apn + Ayp. (2.10)
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Figure 3. Return mapping algorithm for hinge elements: decomposition of rotation into elastic and plastic components at
moment ¢, followed by the addition of trial elastic rotation to the existing plastic deformation at moment t + At.

(b) Constitutive relationship for hinge elements

The elasto-plastic response of a hinge mirrors that of a bar, except that its degrees of freedom are
rotational angles and its conjugate variable is torque. Initially, the hinge experiences an applied
torque, causing it to rotate elastically. When the torque reaches the yield torque, plastic rotation
begins and a hardening component is activated in addition to the elastic response. The total
rotation is then decomposed into elastic and plastic parts. Upon unloading, the elastic rotation
and torque return to zero, while the plastic rotation remains, and the yield torque is permanently
increased by the accumulated plastic moment. The update algorithm is shown in figure 3.
The elastic moment is governed by the elastic angle as follows:

M= k(6 — 60) =k[(6 — 60) — (6, — 60)], (2.11)

where k is the rotational elastic stiffness and 0,6,,6, and 6y are the rotation angle, elastic
angle, plastic angle and initial angle, respectively. The plastic angle 6, in equation (2.11) is a
path-dependent quantity, which needs to be obtained through time integration.

t
Oy = Jo Opdt. (2.12)
According to the flow rule,
. O
Op =y ——, 2.13
N Fyyi (2.13)

where yy, is the plastic multiplier and fj, is the yield condition. The rotational yield condition is
given as follows:
Ju(M) = IM| — (Y0 + Hyap) <0, (2.14)

where L is the length of hinge, Y}, o is the initial yield moment, Hj, is the plastic stiffness and «, is
the hardening parameter. Since df /dM = sign(M), we have

Vi = 16pl. (2.15)

ay, is defined as the accumulated absolute plastic angle occurring over time:

t
oy = JO 16|t (2.16)

In each incremental step, the integral in equation (2.16) is approximated similarly to those of §2a.
By combining the backward Euler rule with the one-dimensional flow rule, the increment of the
hardening parameters is:

g1 = A+ Ay (2.17)
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(c) Numerical implementation for bars

Based on the multiplicative decomposition of the stretch (2.1) and the additive decomposition of
logarithmic strain (2.2), the numerical return mapping algorithm proceeds as follows.
To start the next pseudo-time iteration 1 4 1, we define the trial stretch and the logarithmic

strain: .
t n+1
)ﬁfrl: 7 (2.18)
n
and
ety =In(rs)), (2.19)

where A}, is the plastic stretch from the last pseudo-time iteration. In iteration 7 + 1, the trial
Kirchhoff stress and flow condition are given by

T = EEZ% (2.20)
Tyl = ‘C —EAy, sgn(rn+1) (2.21)
and fims1 = +1| — (Yoo + Hpefh), 2.22)

where ozgtfl is determined from the last pseudo-time iteration.

In the case of permanent deformation at a single time step, —EA¢, can be seen as a correction
of the trial stress retr Loading/unloading conditions are determined by the trial yield function
to check whether plastlc correction is required. In the event of additional permanent deformation,
Aep will be determined by the incremental form of the flow rule, which requires the calculation
of the incremental plastic multiplier Ay,.

In the plastic regime, we need to determine the incremental plasticity multiplier Ay, and the
sign(ty,+1) such that the yield criterion f(t,,41, ,+1) = 0 is satisfied. Rewriting equation (2.21) and
gathering terms gives

(It + EAyp) sign(zar1) = |7, | sign(zgiy)- (2.23)
Enforcing f (741, oy 41) = 0 implies Ay > 0. The formula can be simplified into
sign(ty4+1) = sign(r:ffl) and |t41]| = |1:§:’fl| — EAyp. (2.24)

Combining equations (2.6), (2.10) and (2.24), the yield function at n+ 1 can be simplified as
follows:

fo(tua1, @pns1) = ltnp1l — Vo0 + Hpap np1)

=t | — EAyy — (Yoo + Hpon) — Hp Ay
=181 = (Yu0 + Hpotp ) — (E + Hp) Ay
=fitr 1 = (E+ Hp)Ayp. (2.25)
Since f(ty+1, ¢n+1) =0, the incremental plastic multiplier can be found as follows:
 fonn
2.26
E +H, ( )

Note that the incremental plastic multiplier is only a function of the trial elastic stress and
the hardening parameter at time step n. Therefore, the update operation of the elastic—plastic
parameters can be completed.

With f;;r 41, we can determine whether the bar is elastic or plastic and further derive stress and
tangent modulus:

fftnr 1 <0, elastic

(i) Second Piola-Kirchhoff stress: Sy 41 = rn i} T /A2

(ii) Tangent modulus: Hy,41 = (E — 25?:1) oS
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etr

— fyni1 > 0, plastic

(i) Increment of the consistency parameter: Ay, 11 = fg 1/ (E + Hp)

(i) Elastic strain: €f ; = ef) — Aypup1 (o /I7e0q1)
(iii) Hardening parameter: oy, ;41 = 0p 5 + AVpnt1
(iv) Kirchhoff stress: 7,41 = Ee;,
(v) Algorithmic tangent modulus C, = EHy/(E + Hp)
(vi) Update of the plastic variables: AZ 1= Mt /exp(e;, +1)
(vii) Second Piola—Kirchhoff stress: Sy ;41 = 741/ 22

(viii) Tangent modulus: H,, 11 = (Cp, — 27,41) /34

(d) Numerical implementation for hinges
Hinges are considered elasto-plastic rotational springs. The rotation is decomposed as

0 — 60 = (6 — 00) + (6p — 00) (2.27)
To start the next pseudo-time iteration 1 + 1, we define the trial angle:

65y = 6n1 — 6, + 60, (2.28)

here 6}, is the plastic angle from the last pseudo-time iteration.
The trial moment and flow conditions for hinge rotation are

MY, = Lko(65, — 60) (2.29)
and
S = IMsTy 1 = (Yio + Huef) <0, (2.30)

where L is the hinge length, ko is the elastic rotational modulus per unit length and Lk is the total
elastic rotational stiffness. az/tfl is determined from the last pseudo-time iteration.

With f;ft; 41r We determine whether the hinge is elastic or plastic and derive the stress and
tangent modulus:

etr 3
— funi1 <0, elastic

(i) Moment: M, 1 = Mfl:r_l

(if) Tangent modulus: Cj, = Lk

etr :
— fh/n 41> 0, plastic

(i) Increment of the consistency parameter: Ayj, 1 = heg +1/(Lko + Hy)

(i) Elastic angle: 65, = 61, — Ayj 1 (MST, /IMET )

(iii) Hardening parameter: oy, 11 = &ty + AYpy nt1

(iv) Moment: M, 11 = Lko (6, ; — 60)

(v) Algorithmic tangent modulus: Cj, = (Lko)H},/(Lko + Hj,)
(vi) Update of plastic angle: 95 41 =01 =05 + 60

n

(e) Linearized formulation of stiffness matrices and equilibrium equations

This section presents a derivation of the stiffness matrices and equilibrium equations for the
elasto-plastic bar-and-hinge elements through linearization. The formulation is based on direct
differentiation of the internal force expressions, avoiding energy-based methods to maintain

consistency with the displacement-based framework.
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(i) Bar element formulation

The internal force vector for a bar element is expressed as follows:

T(e) — %A(E)L(Oe)(Bl + Bzu(e)), (231)

bar

where t denotes the Kirchhoff stress, A represents the stretch ratio and A is the cross-sectional

area. The reference length L(()e) corresponds to the undeformed configuration. The linear strain—

displacement matrix By is defined as follows:
Bi=—[-n' n'], (2.32)

while the nonlinear strain-displacement matrix B takes the form:

1 I -I
By = (LET)Z |:—I I :| . (2.33)

The element displacement vector u’® describes the current nodal positions.
The equilibrium condition requires:

Y —F9 =0, (2.34)

bar X

with ng)t representing the externally applied force vector. Linearization of this equilibrium state

yields:
a1 = drY,. (2.35)
The differential of the internal force vector is obtained through consistent differentiation:
() ()
aT, oT,
(e) _ bar (e) bar
dT, ). = FRC) du'” + e dr. (2.36)
The partial derivatives evaluate to:
()
JoT T
bar _ T 4(e)7()
S5 = 24V B (2.37)
and
T(E) 1
% dr =AOLY (B, + BZ“(E)),Tz dr. (2.38)
T

The stress differential dr relates to the elastic strain increment through the algorithmic tangent
modulus Cy:

dt =Cpde, = C;BT du?, (2.39)

where C, =E in elastic deformation and C, = EH}/(E + Hp) in plastic deformation. Combining
these expressions yields the complete differential expression:

1
dT — %A(E)LBE)BZ du® +AOLY 5(B1+ B,u®)C,BT du®, (2.40)

bar —

which separates into geometric and material stiffness contributions.
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The tangent stiffness matrix therefore comprises:

K9 =Kk + K9, (2.41)

with the material stiffness matrix
K\ =AO0LYc,B; BT, (2.42)

and the geometric stiffness matrix
KY = 554018, (2.43)

where Sx = t/A? is the second Piola-Kirchhoff stress. The combined expression is:

K9 =AOLY(C,BB] + 5xB). (2.44)

(ii) Hinge element formulation

The internal force vector for a hinge element is defined as follows:
Tspr =MV, (2.45)

where M denotes the moment, and V@ represents the gradient of the rotation angle 6 with
respect to the nodal displacement vector u, i.e.,, V6 = 36/du. This formulation establishes the
work—conjugate relationship between moment and rotation through the virtual work principle
§Wint =M - 86.

The equilibrium condition requires the vanishing residual:

Tspr — Mext =0, (2.46)

where My signifies the externally applied moment vector. Linearization of this equilibrium
equation about the current configuration yields:

dTgpr = dMext. (2.47)
The differential of the internal force vector is obtained through direct differentiation:
dTspr = g(MV@) du. (2.48)
u

Application of the product rule gives:

oM (Vo)
dTspr = VO + M——= 2.49
Pt ( ou ou ) " (249)
aM 96
— —Q®Vo+ Mv29> du. (2.50)
a6 du
Substituting the rotational tangent modulus C, =09dM/96 recalling the definition of V6
produces
dTepr = Ci(V0 ® V6) du + MV?6 du. (2.51)
The rotational tangent modulus C, takes the value Lk in elastic deformation and Cj, = &ﬁ?&g’; in
plastic deformation, consistent with the constitutive models established in §2d.
The complete tangent stiffness matrix for the hinge element is therefore:
K, = C,V0 ® V6 + MV, (2.52)

where the first term represents the material stiffness and the second term corresponds to the
geometric stiffness. The Hessian V20 captures the second-order geometric effects induced by finite
rotations.
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(iii) Stiffness matrix assembly and solution scheme

The global equilibrium equations are assembled through standard finite-element procedures:
R =Fint — Fext =0, (2.53)

where Fy,; represents the assembled internal force vector and Fey denotes the global external force
vector. The tangent stiffness matrix is assembled as:

N, N,
Kr=Y K9 &> K, (2.54)
e=1 r=1

where @ indicates the finite-element assembly operation that accounts for connectivity and
degrees of freedom mapping between elements.

The nonlinear system is solved using the adaptive damped Newton-Raphson method
presented in Algorithm 1. At iteration k, the solution increment is computed by solving:

KM au® = RO, (2.55)
followed by the displacement update:
uH) = y® 4 (OA®), (2.56)

where ¢® €(0,1] is an adaptive damping coefficient that ensures numerical stability during
plastic deformation processes. The residual vector R® is recomputed at each iteration until the
convergence criteria are satisfied.

3. Nonlinear equation solver

The present formulation incorporates two distinct solvers based on complementary numerical
algorithms. The Force mode utilizes an augmented generalized displacement control method
[47,67,68] to enhance numerical stability in path-following analysis. By contrast, the
Displacement mode employs an adaptively damped Newton-Raphson scheme, with the complete
mathematical formulation detailed in Algorithm 1. This dual-solver architecture ensures robust
convergence for a wide range of nonlinear mechanical systems.

4. Origami simulations

This section demonstrates the application of the elasto-plastic bar-and-hinge model through a
series of numerical examples on diverse origami structures. The analysis begins with a simple
foldable mechanism, where the formulation is calibrated and validated against high-fidelity
finite-element simulations. The study then progresses to an Eggbox pattern to examine residual-
stress-driven non-Euclidean folding, followed by the Sareh twist as a fundamental twisting unit.
Subsequently, the energy dissipation during mode switching in the Morph origami and the local
bistability of the Miura-ori are investigated. Finally, the cyclic loading response and hysteresis
behaviour of the Kresling origami structure are presented.

Before presenting the individual examples, we briefly describe the standardized procedure
used to calibrate the plastic parameters of the model. Bar parameters (Young’s modulus E, yield
stress Y}, and plastic modulus Hj) represent the actual sheet material properties and are obtained
directly from standard uniaxial tensile tests. Hinge parameters (rotational yield moment Yy,
plastic modulus Hj,) are effective parameters that must be calibrated because a crease’s stiffness
and strength depend on its geometry as well as the base material. The calibration follows a
procedure combining experimental characterization and finite-element simulation [19,69]. The
detailed calibration procedure is demonstrated in the simple fold example below. The same
approach has been applied to all examples in this article.
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Algorithm 1 Adaptively Damped Newton-Raphson Method (Displacement Control)

Require:

kmax > 0, Nio1 > 0, Bmin > 0, cmin >0, tol > 0, iy > 0, d, Nmax > 0, Rmax >0
1: u®«0,8)«1,¢0 <1, Ny <0 > Initial state at step 0
2: fori=1to Nmax do
3 hi < Bi—1 - ho > Step size for current increment
4: uf) <ul4n-d > Initial displacement of step i
5: k<0, err <1
6: while err > tol and k < kmax do
7
8
9

k<k+1
T};_1 «~T (u,i_1> > Internal force vector
KLl «~ VT (“Ll) > Tangent stiffness matrix
10: Solve K;'(_l Au;{ = —T;(_l > Newton correction
11: u}‘( <« u;‘(_l +cio1- Au}‘( > Damped update
12: err < H Au}lc
13: end while
14: if k > kmax or err > tol then
15: N;_1 < N;_1+1 > Accumulate failure count
16: if Ni_1 > Rmax then
17: break > Terminate if exceeding max retries
18: else if N;_1 < Ny, then
19: Bi—1 < max (Bi—1/2, Bmin) > Shrink step factor
20: else
21: Bi—1 < max (Bi_1, 1.0) - 1.5 > Raise to reference then enlarge
22: ¢i—1 < max (0.75 - ¢i_1, Cmin) > Reduce damping
23: end if
24: i«—i—1 > Retry current increment
25: else
26: u u;; > Save converged displacement
27: N; <0 > Reset failure counter
28: ci<1 > Reset damping to reference value 1
29: if B;_1 <1 then
30: Bi < min (1.1 gi_1, 1.0) > Recover to reference step
31: else
32: Bi < max (0.9 - Bi_1, 1.0) > Fall back to reference step
33: end if
34: end if
35: end for

(@) Asimplefold

This example serves as the calibration benchmark for the elasto-plastic hinge model. The structure
consists of two isosceles right triangular panels connected by a single crease line AB (figure 4a).
The triangular panel ABC is fully fixed, while a prescribed rotation is applied to the free panel
ABD to induce folding. The material is aluminium.

To obtain a reference for calibration, a high-fidelity simulation is first performed using Abaqus.
The crease line is modelled with a reduced thickness (one-fifth of the panel) to mimic localized
flexibility. The material properties in Abaqus are: mass density 2.7 x 1072 kgmm™—3, Young’s
modulus E = 67000 MPa, Poisson’s ratio v = 0.33 and plasticity defined by yield stresses 250 and
350 MPa at plastic strains 0 and 0.5, respectively (linear hardening). A displacement-controlled
rotation is applied, and the moment-rotation curve M(9) of the crease is extracted (figure 4b).
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Figure 4. The simple fold example. (a) Geometry and boundary conditions. (b) Abaqus simulation: initial side view and
deformed configuration with von Mises stress contour. (c) Moment—rotation response of crease AB: comparison between the
Abaqus model and the calibrated MERLIN-PLAS model.

The same fold is then simulated with the proposed elasto-plastic bar-and-hinge model. The
bar elements are assigned the same Young’s modulus and plastic parameters as the aluminium
sheet. The hinge parameters (total yield moment and plastic modulus) are adjusted until the
M(0) curve matches the Abaqus reference. The calibrated dimensionless values are: folding hinge
yield moment Y, s = 1.6, folding hinge plastic modulus Hj, s =5, bending hinge yield moment
Y}, =5 and bending hinge plastic modulus Hj, , = 0.5. The calibrated values are dimensionless
in the MERLIN-PLAS input file because the software adopts a consistent unit system where all
quantities are entered without explicit units. Figure 4c compares the moment-rotation curves
obtained from Abaqus and the bar-and-hinge model. The excellent agreement validates the
calibration, demonstrating that the model captures the elasto-plastic behaviour of a single crease
with good accuracy. The displacement-controlled simulation completed 500 increments with
exactly three iterations per increment, demonstrating robust convergence for this verification case.
Unless otherwise stated, the same calibration strategy can be applied to the folding hinges in the
subsequent examples.

(b) Eggbox: folding and unloading of a non-Euclidean origami

The Eggbox pattern is a classic example of non-Euclidean origami, as it cannot be folded from
a flat sheet without inducing permanent deformation or residual stress [51]. To test whether the
proposed elasto-plastic bar-and-hinge model can capture residual-stress-driven shape changes,
we simulate the folding of an Eggbox unit from a flat configuration to a fully folded state, followed
by complete unloading to zero applied moment.

The Eggbox unit consists of four diamond-shaped panels arranged around a central vertex
O. The initial configuration is flat. The boundary conditions and the deformation sequence are
illustrated in figure 5a. A displacement-controlled load is applied to node S4 in the negative y-
direction, gradually increasing until S4 reaches the position of the fully fixed node Sz, at which
point the Eggbox becomes fully folded. The load is then reversed until the bending moment in
the folding hinges returns to zero. Due to structural symmetry, the moment-rotation responses of
hinges OS1, OS; and OSs are identical; therefore, we present only the results for hinge OS; in the
following.

The material parameters are: Young’s modulus of bars E =10°; bar yield stress Y}, =10°;
folding hinge yield moment Y}, =0.1; folding hinge plastic modulus Hj, s = 0.1; bending hinge
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Figure 5. (a) Deformation sequence of the Eggbox unit: left: initial flat configuration with boundary conditions (node O free;
$1, 52, S5 constrained in z; S constrained in x and z; S5 fully fixed); middle: fully folded Eggbox configuration; right: configuration
after unloading to zero moment. (b) Moment—rotation response of hinge 0S,.

yield moment Y}, ;, =1 and bending hinge plastic modulus Hj,;, = 1. The bar cross-sectional area
is set to A=0.01, and the folding and bending stiffness coefficients are kf =0.2 and k, =1,
respectively. The displacement-controlled simulation converged in four iterations per increment
without any failure, demonstrating robust solver performance for this non-Euclidean folding and
unloading process.

Figure 5b shows the moment-rotation response of hinge OS,. A clear yield point is observed
at § ~ 2.6 rad, followed by a plastic plateau. Upon unloading, the moment returns to zero, but
the rotation angle does not recover to the initial value; a residual rotation angle 6;cs remains.
This residual rotation is a direct consequence of plastic deformation, leading to permanent
deformation that prevents full elastic recovery.

This example demonstrates that the proposed elasto-plastic bar-and-hinge model can simulate
residual-stress-driven non-Euclidean folding by naturally accumulating plastic strain in the
hinges. For applications where detailed panel-wise residual stress is critical, the framework can
be extended by introducing an equivalent initial strain field, which we leave for future work.

(c) The Sareh twist in a rectangular sheet

The fourfold polygonal unit recently studied by Kresling [70] exhibits twisting behaviour that
distinguish it from simpler patterns. Interestingly, the underlying kinematic principle of this twist
is intimately related to the ‘Sareh twist’ [71-75], of which the asymmetric folding of a rectangle via
crease lines passing through its four vertices is a specific case. This fundamental twist unit serves
as the geometric primitive for more complex twisting systems, such as the helical tessellation
known as ‘Sareh non-trivial tessellation” [70]. We therefore simulate this elementary configuration
to provide a direct test of the proposed elasto-plastic bar-and-hinge model.

A rectangular sheet ABCD with side lengths 1 =2.0 and b=1.5 is considered (figure 6a).
Following the analytical solution of Sareh [71], the interior node N is placed on the hyperbolic
curve that guarantees flat-foldability of the resulting degree-4 vertex. The triangular panel BNC is
fully fixed in space. The fold lines are assigned as follows: BN is a mountain fold, while AN,
DN and CN are valley folds. An active folding force is applied to panel ABN, causing it to
rotate clockwise about hinge BN (active folding). This active rotation induces a passive counter-
clockwise rotation of panel DNC about hinge NC (passive folding), generating the characteristic
twisting motion (figure 6b,c). The simulation is performed in force-controlled mode.

The material parameters are as follows: folding hinge stiffness coefficient kr = 0.2; bending
hinge stiffness coefficient k; = 2; folding hinge yield moment Y s = 0.02; folding hinge plastic
modulus Hj s =0.1; bending hinge yield moment Y},;, =0.2; bending hinge plastic modulus
Hy, , = 1. The bar cross-sectional area is A = 0.01.
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Figure 6. A rectangular Sareh unit. (a) Initial configuration of the rectangular sheet with node N lying on the hyperbolic curve
(dashed). (b) Front view of the folded state. (c) Back view of the folded state. (d) Moment—rotation responses of the four folding
hinges. (e) Plastic energy dissipated by each hinge during the folding process.

The moment-rotation responses of the four folding hinges are plotted in figure 6d. The active
hinge BN yields first, as indicated by the clear deviation from linearity at a rotation angle of
approximately 0.35rad. Shortly thereafter, the passive hinge NC also enters the plastic regime,
driven by the kinematic coupling between the two panels. The folding continues until the entire
assembly folds into a nearly flat state. The energy dissipated by each hinge during the folding
process is shown in figure 6e. Hinges BN and NC dominate the plastic energy absorption, while
the contributions of AN and ND are negligible. This behaviour is consistent with the physical
observation that the twist is primarily accommodated by the two diagonal hinges that connect the
moving panels to the fixed triangular base. From the numerical perspective, the solver converged
reliably for this force-controlled twisting problem. The iteration count per increment was 3 or 4.
No divergence or increment failure occurred, confirming the robustness of the arc-length method
for this geometrically nonlinear twisting deformation.

The successful simulation of this fundamental twist unit demonstrates that the proposed
elasto-plastic bar-and-hinge model captures the essential features of asymmetric folding: the
sequence of plastic yielding in active and passive hinges, the induced twisting kinematics and
the distribution of energy dissipation. By validating the model on this geometric primitive, we
provide strong evidence for its capability to accurately simulate more complex twisting systems,
such as the fourfold polygonal twist, by assembling such basic units.

(d) Morph origami

The Morph origami [19,75,76] is a reconfigurable pattern that transitions seamlessly between
the Miura and Eggbox modes. Its non-developable, degree-4 unit cell enables substantial shape
changes. By selectively adjusting creases, the surface topography of peaks and valleys can be
programmed, allowing direct control over the effective Poisson’s ratio. This design also exhibits
topological mode locking, which stabilizes the structure throughout its transformation.
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Figure 7. Morph origami. (a) Initial configuration and boundary conditions of Morph structure. The angle ¢ is 112.61°, « is
65.25° and f3 is 60.00°. Supports $;—S4 constrain displacements exclusively in the z-direction; Sg, Sg—S510 and Sy, restrict motion
solely in the y-direction; Ss, 57, Sy and S;3 impose constraints on both y- and z-displacements. Nodes along the yellow line
are restricted from moving in the x-direction. The transition between Eggbox and Miura configurations in the Morph system is
governed by the ¢ angle. (b) Top view of Morph structure.

The elasto-plastic analysis of the Morph origami during the mode-switching process remains
underexplored. This study addresses this gap by investigating a Morph structure subjected
to a sequence of compressive and tensile displacement loadings. To accurately capture the
mechanical behaviour of the structure, the material parameters are defined as follows: Young’s
modulus of bars E=1 x 10%; bar yield stress Y}, = 200; bar plastic modulus H, =1 x 103; folding
hinge stiffness coefficient kf = 0.2; bending hinge stiffness coefficient k;, = 2; folding hinge yield
moment Yy s = 0.02; bending hinge yield moment Y}, ;, = 0.2; folding hinge plastic modulus Hj, s =
0.1; bending hinge plastic modulus Hj, =1. These parameters are critical for modelling the
elasto-plastic behaviour of the Morph structure under loading conditions. The geometry and
boundary conditions are depicted in figure 7. The displacement-controlled simulation converged
consistently in four iterations per increment without any failure, confirming the solver’s stability
during the mode-switching process.

The behaviour of the Morph structure is characterized by analysing the force—displacement
curve throughout the entire deformation process, as shown in figure 8. Initially, the load factor
is zero. Yielding occurs after a short range of elastic deformation at state (i). When the Morph
origami is undergoing mode switching between the Eggbox and Miura modes at states (ii) and
(iii), the force decreases. At state (iv), the loading direction is reversed. Until state (v), the force
returns to zero.

Furthermore, we can see from figure 8b that at mode-switching state (ii), ¢1 decreases rapidly
while ¢y, ¢3, ¢4 remain nearly unchanged. Here, ¢; (i=1,2,3,4) represent the dihedral angles
between adjacent layers in the Morph structure, as illustrated in figure 8c. Similarly, at mode-
switching state (iii), ¢1, ¢3, ¢4 almost remain unchanged, while ¢ decreases rapidly. The mode
switching is an unstable process as the origami undergoes large deformation in the absence of
additional external loading. Due to plasticity, the final configuration is more folded compared
with the initial configuration.

In conclusion, this study establishes a foundational understanding of how elasto-plastic
behaviour governs the mode-switching mechanics of Morph structures. These insights provide
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Figure 8. Loading and unloading of Morph origami. (a) Load factor—displacement curve, the mode switching are labelled.
(b) Angle ;—displacement curve of each layer. (c) The diagram of deformation.

a basis for designing and controlling morphing systems with tailored energy absorption and
deformation pathways. For the Morph origami, the mode transition is primarily driven by hinge
rotations, with plastic yielding concentrated in folding hinges, while bars experience limited
plastic stretching at stress concentrations.

(e) Pop-through defect of the Miura-ori

The Miura-ori pattern is renowned for its high folding ratio and negative Poisson’s ratio.
Although the Miura-ori is known as a rigid origami, non-rigid deformations could also occur
in reality. A notable non-rigid deformation phenomenon of the Miura-ori is known as the “pop-
through defect’ [77]. This deformation is bistable, enabling the structure to reversibly snap
between two stable configurations, significantly enriching the mechanical functionality of the
Miura-ori [78-80].

As shown in figure 9, a vertical force induces the “pop-through” event, where panel bending
leads to a dynamic transition between stable states. This bistable behaviour is both fundamentally
interesting and advantageous for designing functional materials and adaptive engineering
systems.

The material parameters are defined as follows: Young’s modulus of bars E=1 x 10%; bar
yield stress Y}, = 30; bar plastic modulus H, = 1 x 103; folding hinge stiffness coefficient ke =0.2;
bending hinge stiffness coefficient k; = 2; folding hinge yield moment Y, s = 0.02; bending hinge
yield moment Y}, ;, = 0.2; folding hinge plastic modulus Hj, s = 0.1; bending hinge plastic modulus
Hyjp =1. Here, we discuss the different behaviour under four yield stresses (varying Y3). The
geometry and boundary conditions are depicted in figure 9. It is worth noting that the boundary
conditions employed in this work are specifically designed to allow transverse deformation
while still triggering the pop-through phenomenon. Comparative tests show that fixing all four

edges suppresses snapback, whereas restraining the front and back edges fails to produce a
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Figure 9. (a) Initial configuration and boundary conditions of the Miura-ori structure. The angle y is 112.61°. Support §;
constrains displacements in the x-, y- and z-directions, S,—Ss restrict motion in the y- and z-directions, and $; fixes x- and
z-displacements. From Sg to S;,, restrictions only apply in the z-direction. A unit load is applied in the —z-direction to the
node highlighted by a red circle. (b) The top view of a Miura-ori structure, including a flat Miura-ori unit cell. We seta = 0.02,
b=0.02and ¢ = 60°.

snap-through due to anisotropy. Therefore, the current set-up represents the most appropriate
choice for investigating this phenomenon. The force-controlled solver completed 350 increments
with an average of 5.3 iterations per step and no failures, demonstrating robust convergence for
this snapback problem.

Our analysis delves into the deformation process that leads to the ‘pop-through” state within
elasto-plastic origami. By understanding the underlying mechanics, we enable new deformation
modes for designing materials and structures leveraging the unique properties of the Miura-ori
folding pattern.

Figure 10a illustrates the force-displacement response of the Miura-ori under varying yield
stresses. The curves exhibit classical bistability, characterized by a snap-through behaviour.
Analysis indicates that higher yield stresses suppress plastic deformation, causing the response
to converge towards the hyperelastic prediction. This trend confirms that structures with greater
yield strength behave in a more predominantly elastic manner.

Furthermore, a distinct snapback phenomenon is observed in the elasto-plastic model with
Y}, =30 at a displacement of approximately 3 units. In this process, the central panel’s downward
motion drives the adjacent elements, culminating in a stable equilibrium configuration where
the internal forces balance the applied load, preventing further deformation. The attainment
of such stable states is crucial for the safety and performance of structures under load. These
results underscore the critical influence of yield stress on the resulting mechanical behaviour and
stability. Notably, for Y}, =40, the load—displacement curve begins to develop a concave shape,
indicating an incipient tendency towards snapback, although the actual snapback does not yet
occur. This gradual transition confirms that the snapback phenomenon does not appear abruptly
but diminishes continuously with increasing yield stress. To further investigate the influence
of post-yield hardening on the snapback behaviour, we performed additional simulations with
fixed yield stress Y}, =30 and varying plastic moduli H; =500, 1000, 1500 and 2000. The results
reveal a clear positive correlation: at H, =500, snapback does not occur, although an incipient
tendency is observed; at H = 1000, snapback occurs; and at H, = 2000, the snapback becomes
most pronounced. This indicates that a higher plastic modulus, which leads to stronger hardening
after yielding, facilitates snapback instability, whereas a lower plastic modulus suppresses it
(figure 10b).

Although the deformed configurations for Yj, =30 and Y} = 70 appear similar (figure 11), the
former undergoes extensive plastic yielding while the latter remains nearly elastic—a distinction
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Figure 10. (a) Equilibrium path during the deformation process of a ‘pop-through defect’ on Miura-ori for the four cases of
Yy =30, 40,70 and elasticity, respectively. The insets show zoom-in views of the snapback deformation of the centre and its
adjacent cells at ¥, = 30. (b) Snapback behaviour for different plastic moduli H, = 500, 1000, 1500, 2000 at fixed ¥, = 30.

evident in the force—displacement curves rather than in the instantaneous shapes. In the Miura-ori
snapback simulation with Y}, = 30, plastic yielding is not confined to the bending hinges; bars in
the central region also undergo plastic deformation due to the large membrane stretching induced
by the pop-through defect. This demonstrates that bar plasticity, while typically secondary to
hinge plasticity in thin-sheet origami, can become active in regions of high local stretching.
The pop-through defect involves local panel bending, represented as plastic rotation in bending
hinges. Hinge plasticity dominates this process.

(f) Cyclicloading of Kresling: hysteresis loop

The Kresling pattern, a sophisticated cylindrical origami configuration, is renowned for its
multi-stable behaviour. Its geometry is defined by nodes positioned at the intersections of two
longitudinal helices and a transverse circle, creating a mechanically stable and structurally
intricate unit cell. This unique arrangement facilitates multiple stable states, enhancing its
versatility for engineering applications [81,82].

Experimental studies on paper-based Kresling prototypes confirm the occurrence of elasto-
plastic deformation under mechanical load [83-85]. This inelastic behaviour plays a critical role
in the structure’s actuation performance and influences the transmission of mechanical waves.
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Figure 11. Several key frames of deformed configurations during simulation at ¥, = 30 and ¥, =70, corresponding to six
points on the equilibrium path ((i)—(iii), (iv)—(vi)).

Under cyclic loading, the force-displacement response deviates from a simple reversible path,
forming instead a pronounced hysteresis loop that signifies energy dissipation. This hysteresis
stems from differences in energy absorption and release during loading and unloading, resulting
in a characteristic phase lag between force and displacement.

The geometry and initial configuration of the Kresling are defined by the side length of top and
bottom hexagons, initial height and initial rotational angle; here, we assign the side length a =1,
height jp =1 and angle 6y =117 /18. The material parameters are defined as follows: Young’s
modulus of bars E=1 x 10%; bar yield stress Y}, = 200; bar plastic modulus H, =1 x 103; folding
hinge stiffness coefficient kf = 0.2; bending hinge stiffness coefficient k;, = 2; folding hinge yield
moment Yy s = 0.02; bending hinge yield moment Y}, ;, = 0.2; folding hinge plastic modulus Hj, s =
0.1; bending hinge plastic modulus Hj, ; = 1. The displacement-controlled simulation converged
in exactly three iterations per increment with no failures, demonstrating robust performance for
the cyclic loading problem.

Based on the experimental work of Hiromi Yasuda et al. [59], who conducted 200 loading—
unloading cycles on a Kresling origami unit to obtain hysteresis loops, we performed
corresponding simulations using MERLIN-PLAS. Our simulations systematically varied the
plastic modulus parameters to further investigate this cyclic behaviour. The results demonstrate
that a lower plastic modulus leads to slower convergence of the force-displacement curves,
indicating more pronounced plastic deformation accumulation during the initial cycles.

Figure 12b reveals several key phenomena observed during cyclic loading. First, the emergence
of hysteresis loops in the force-displacement response indicates significant energy dissipation,
primarily due to internal friction and plastic deformation. Second, the gradual reduction in
hysteresis loop area with successive cycles reflects material hardening and diminishing energy
dissipation. Third, accumulated plastic deformation causes a progressive shift in the force-
displacement response, demonstrating the ratcheting effect of permanent structural changes.
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Figure 12. Cyclic loading of Kresling. (a) Initial configuration and boundary conditions of Kresling origami. The height of the
structure is h = 1, the base profile is a reqular hexagonal shape that lies within a circle of radius r =1, and in top view, 6y =
%n. Solid grey lines indicate support points, all of which limit displacement in the x-, y- and z-directions. Cyclic displacement
loads are applied in the z-direction of the orange-circled nodes. Displacement is measured as the z-displacement of the node
labelled with a yellow circle. (b) Force—displacement curves for n cycles of loading/unloading under four different material
parameters. The colour gradient indicates the number of cycles. (c) Trends of the elastic and plastic angular components in the
valley creases marked in (a) with iteration during cyclic loading.

Finally, after sufficient cycles, the response stabilizes with minimal inter-cycle variation,
indicating consistent mechanical behaviour.

These observations are reproduced by MERLIN-PLAS simulations, which particularly
highlight the role of plastic modulus in convergence behaviour. Lower plastic moduli—associated
with higher plasticity—lead to slower convergence, as the structure undergoes more extensive
plastic deformation before reaching stabilization. These findings provide crucial insights into the
cyclic mechanics of Kresling origami, with direct implications for energy dissipation applications
and structural design.

Figure 12c illustrates the evolution of angular deformation components during cyclic
loading. In stage (i), elastic deformation dominates the response. Stage (ii) shows nearly equal
contributions from both elastic and plastic components, while in stage (iii), plastic deformation
clearly dominates. This progression indicates the emergence of the ‘plastic shakedown’
phenomenon [86-89]: initial loading cycles induce localized yielding at crease regions,
accumulating plastic deformation. With continued cycling, the internal stress distribution reaches
a stable state where structural transitions can be accomplished through elastic deformation
alone, ultimately achieving plastic shakedown. Under cyclic loading, hinge plasticity accumulates
rapidly and dominates hysteresis behaviour, whereas bar plasticity develops gradually under
axial forces and saturates earlier. Hinges thus constitute the primary source of energy dissipation.
While the current rate-independent model does not include fatigue damage accumulation, the
extracted plastic strain amplitudes from stabilized hysteresis loops could be used in future work
to estimate low-cycle fatigue life via empirical strain-life relations.
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5. Conclusion

This research presents MERLIN-PLAS, an elasto-plastic formulation for the structural analysis
of origami structures modelled using arbitrary bar-and-hinge configurations. Building upon
existing hyperelastic bar-and-hinge frameworks, the proposed formulation incorporates rate-
independent elasto-plasticity with isotropic hardening to capture irreversible deformation
processes such as energy dissipation and permanent folding. The model decomposes total
strain into elastic and plastic components for both bars and rotational hinges and employs a
return mapping algorithm to enforce consistency with yield conditions at each incremental step.
The formulation enables stable and accurate simulation of origami structures undergoing large
displacements and deformations. Adopting small elastic strains within the additive plasticity
framework simplifies the constitutive updates, thereby enhancing computational efficiency.

Numerical simulations on several representative origami systems—encompassing simple
folds, morphing structures, bistable Miura-ori and the Kresling pattern—demonstrate that the
proposed model successfully captures key elasto-plastic phenomena. These include plastic
yielding under cyclic loading, hysteresis in force-displacement response and the accumulation
of permanent deformation during mode transitions. The model reproduces experimental
behaviours such as snap-through instabilities and cyclic energy dissipation, validating its
applicability across a wide range of origami-inspired systems.

The proposed elasto-plastic bar-and-hinge model assumes that plastic deformation
concentrates at hinges and bars. Consequently, it does not capture distributed plastic yielding
within the panels themselves. This limitation is inherent to the reduced-order nature of
the bar-and-hinge framework, which is designed primarily to capture global deformation
patterns, load—displacement responses, and energy dissipation characteristics. For problems
where detailed panel plasticity is essential, a continuum-based shell finite-element model
remains the recommended approach. Additionally, the current model employs a linear isotropic
hardening law for both bars and hinges. While this provides a clear and computationally efficient
description of plastic behaviour, it may not accurately represent the cyclic softening, progressive
stiffening or stiffness degradation observed in some real origami creases. For such materials,
more advanced constitutive models including nonlinear kinematic or isotropic hardening or
damage-coupled plasticity would be required. The current framework can accommodate these
extensions by simply replacing the hardening rule, which we intend to pursue in future work.
Thus, the model is well suited for design exploration and parametric studies where rapid
assessment of global elasto-plastic behaviour is needed, while recognizing the aforementioned
limitations.

Compared with purely hyperelastic models, the elasto-plastic formulation offers a more
realistic representation of origami structures that exhibit irreversible deformations and energy
loss under cyclic loads. This capability is especially relevant for practical applications where
durability and reliability are essential, such as deployable aerospace systems, biomedical devices
and reconfigurable robotics.

The flexibility of the formulation invites further extensions, including the incorporation of
strain rate effects, anisotropic hardening and multi-layered or composite origami assemblies.
Future work may also address dynamic loading conditions and global contact interactions. The
proposed model provides a versatile and efficient computational framework that enhances the
realism and predictive power of origami structural analysis, paving the way for broader adoption
in engineering applications.
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